MDAI 2006 Pagina 1 de 1

Proceedings of the 3rd International (

Modelin

List of papers

® Preface Aggregation Operators and Fuzzy Measures

® Support
'@ Classifying Fuzzy Measures, L.Garmendia.

® General chairs and program
committee

® Organising Committee T 0n a characterization of IF probability, J.Petrovicova, B.Riecan

® |ist of papers
pap Clustering

® Program

'E Clustering and Aggregation of Web Query Session Data for User Profiling, D. Nettleton

ISBN: 84-00-08415-2
NIPO: 653-06-010-X ) ] ) ) ) o
DP: T-405-2006 '@ Towards automatic generation of interpretation as a tool for modelling decisions, K.Gibert,
A. Perez-Bonilla

Decision

'E Measuring the specificity of fuzzy sets on infinite domains, L.Garmendia, A.Salvador

Urgversimar Bonara Vircio
Information Fusion

'@ Fusion of Sensory Information, Internal Models, and Policy in Autonomic Computing
Systems, B.Barry, J.Strassner

'@ OEGMerge: a case-based model for merging ontologies, M.Fernandez-Lopez, A.Gomez-
Perez, J.A.Ramos

'E Concurrent Fusion via Sampling and LinOPAggregation for Medical Data, A.Holland,
M.Fathi

Learning

Ba Generalized Roll-ball Algorithm for the Optimal Hyperplane of SVM, W.Tong, Y. Lin

hod Embedding sample points relevance in linear SVM classifiation, B.Apolloni, D.Malchiodi

'@ Toward the Development of A Population Model by A Multi-Agent Simulator, K.Hirayama

@ Reducing the Amount of Input Data in Traffic Sign Classification, A.Granados, A.Ledezma,
G.Gutierrez, A.Sanchis

file://D:\index.htm 15/03/2007



Measuring the specificity of fuzzy sets on infinite
domains

Luis Garmendia!, Adela Salvador?

! Facultad de Informatica, Dpto. de Lenguajes y Sistemas Informaéticos, Universidad Com-
plutense Of. Madrid, 28040 Madrid, Spain
| garmend@di . ucm es
2 E.T.S.I. Caminos Canales y Puertos, Dpto. de Matematica Aplicada , Technical University
of Madrid, 28040 Madrid, Spain
na09@am nos. upm es

Abstract. A new way for measuring the specificity of fuzzy sets on infinite domains is
given. The new expression is defined using t-norms, negations and the Choquet integral.
It is also proved that the new expression that satisfies the axioms of measure of specific-
ity. Some examples are provided.

1 Introduction

The concept of specificity is understood as the amount of information contained in
a fuzzy set by giving a degree of ‘containing just one element’. This is strongly re-
lated with the inverse of the cardinality of a set.

If one element of a set must be chosen, and we have a fuzzy set with a degree of
satisfaction of each element, it is desirable to have a singleton or a high specificity
fuzzy set to make an election with tranquillity.

Some previous works study the measures of specificity of fuzzy sets on discrete
domains [9]. The measures of specificity on infinite domains deserve a deeper study.

Garmendia [2] uses a general expression for measures of specificity of fuzzy sets
on finite domains using t-norms, t-conorms and negations. The general expression
also allows generating many measures of specificity using different fuzzy connec-
tives, so it is possible to find the best measure of specificity of fuzzy sets in every
environment or logic.

This paper gives a general expression to measure the specificity of fuzzy sets on
infinite domains. The expression uses t-norms, negations, fuzzy measures and the
Choquet integral. Some properties and also that other known formulas are particular
cases of this general expression are shown. It is proved that this general expression
verifies the axioms of measures of specificity [7]. The new measures of specificity are
potentially useful in many applications.

R. R. Yager [10] proposes a first expression for measuring the specificity of
fuzzy sets on infinite domains that a particular case of the general expression given in
this paper. Yeager’s first example uses a normalized Lebesgue measure and can be



written using the new expression. Several examples of measures of specificity of
fuzzy sets on the interval [0, 1] are given using several t-norms.

The new expression of measures of specificity of fuzzy sets on infinite domains
can be used to generate different formulas of measure of specificity of fuzzy sets for
each environment and for each application.

2 Preliminaries

Definition 2.1: A binary operation T: [0, 1] x [0, 1] — [0, 1] is a t-norm [6], if it
satisfies the following axioms:
1. T(,x)=x
2. T(x,y)=T(y, x)
3. T(x, T(y, 2) = T(T(x, y), 2)
4. Ifx<x’andy <y’ then T(x,y) <T(X’, y’).

A binary operation S: [0, 1] x [0, 1] is a t-conorm if it satisfies 2, 3, 4 and S(0, x) =

X.
Definition 2.2: A map N: [0, 1] — [0, 1] is a negation if it satisfies the following
conditions:
1. N@©0)=1,N(1)=0
2. N is non increasing

A negation N is strong if N(N(x)) = x.

Definition 2.3: A fuzzy set p on X is normal if there exits an element x; € X such
that p(x;) = 1.

Definition 2.4. Measure of specificity.

Let X be a set and let [0, 1]% be the class of fuzzy sets on X. A measure of speci-
ficity [9] is a function

Sp: [0, 17° — [0, 1] such that:

1. Sp(@)=0.

2. Sp(p)=1if and only if u is a singleton .

3. If p and n are normal fuzzy sets in X and p < 1, then Sp(w) > Sp(n).

The first condition assumes that the empty set have minimum specificity. How-
ever other not empty fuzzy sets could also have specificity zero.

The second condition imposes that only crisp sets with just one element (single-
tons) can have specificity one (the maximum specificity).

The third condition requires that the specificity measure of a normal fuzzy set de-
creases when the membership degrees of its elements are increased.

Definition 2.5. Regular measure of specificity: A measure of specificity Sp is
regular [10] if Sp(X) =0.



Definition 2.6. Weak measures of specificity: Let X be a set with elements {x;}
and let [0, 1]% be the class of fuzzy sets of X. A weak measure of specificity Sp [2] is
a function Sp: [0, 17° — [0, 1] such that:

1. Sp(d)=0
2. Sp(p) =1 if p is a singleton (u={x}).
3. If u and n are normal fuzzy sets in X and p < n, then Sp(p) = Sp(n).

The difference between a measure of specificity and a weak measure of specificity
lies on axiom 2. Non-singletons fuzzy sets can have maximum weak specificity.

Definition 2.7. Fuzzy measure [3]:
Let o be a family of subsets of a set X, with &, X € . A mapping M: o — [0,
1] is called a fuzzy measure if:
1) M@)=0
2) M(X)=1
3) IfA,B e g and A B then M(A) < M(B)
The triple (X, ¢, M) is a fuzzy measure space.
In [8] only fuzzy measures that verifies the following condition are considered:
4) M(B) =0 if and only if B is the empty set or B is a singleton.

Note that condition 4 is a technical condition and it is very difficult to translate in
natural language.

The measures of specificity are not fuzzy measures because they are not monoto-
nous with respect to the inclusion of fuzzy sets. The following definition of fuzzy <-
measure allows using the word ‘measure’ to compute the specificity of fuzzy sets,
because the measures of specificity are fuzzy <-measures.

Definition 2.8. <,-measure [7]:

A measure of a characteristic k£ shown by the elements of a set E is done through a
comparative relation like ‘x shows the characteristic & less than y shows it’ for any x,
yinE.

Let’s write ‘x <y »’ to denote that relation and suppose that <y is a preorder on E.
A function m: E — [0, 1] is a fuzzy <-measure for E if it satisfies the following
conditions:

1. m(xo) = 0 if xy € E is minimal for <.
2. m(x;) =1 if x; € E is maximal for <.
3. If x < y then m(x) < m(y).

Remarks

1. Fuzzy measures are c-measures (monotonous measures with the inclusion
preorder).

2. The entropy measures [4] for fuzzy sets are <g-measures, where <g is the
sharpened ordering.



3. The measure of specificity [9] represents the idea of measuring how close is a
fuzzy set from a singleton. So, a measure of specificity Sp is a fuzzy <-
measure where the set E is [0, 1]%; the characteristic & is the specificity of a
fuzzy set; x, is the empty set (the only minimal set); x; is a singleton (the
maximal sets are all singleton) and the preorder <, is defined as p <g, 6 <

Sp(w) < Sp(o).

Definition 2.9. Choquet integral [1]:
Let (X, ¢, M) be a fuzzy measure space. Let f: X — [0, o] be a measurable function.
The fuzzy integral of f with respect to a fuzzy measure M by the Choquet integral is:

Of f-dM =(O)f f(w)-dM (w) = [M(f(x) > @)-dex @

The Choquet integral [5] is an extension of the classical Lebesgue integral for non-
classical measures, such as fuzzy measures, which are not necessarily additive meas-
ures.

3 An expression for measuring the specificity of fuzzy sets under
infinite domains.

The axioms of measure of specificity (definition 2.4) and weak measure of speci-
ficity (definition 2.6) of fuzzy sets are given. This paper’s goal is to provide expres-
sions and formulas that satisfy the previous axiomatic definitions and that be used
when it is useful to measure the amount of information contained in a fuzzy set on an
infinite domain in order to make a decision.

A general expression for measures of specificity of fuzzy sets on infinite domains
using a t-norm, a strong negation and a fuzzy measure is given and it is proved that
the new expression satisfies the weak measures of specificity axioms. When the fuzzy
measure verifies the condition 4, which is a technical, then the expression satisfies the
axioms for measures of specificity.

Let A be a fuzzy set on an infinite universe X and let o, be the supreme of the
membership degrees of A. Let (X, ¢, M) be a fuzzy measure space (definition 2.7),
such that the fuzzy measure M verifies that:

4) M(B) =0 if and only if B is the empty set or B is a singleton.

Let A, € @ be the a-cut level set of A. Let T be a t-norm (definition 2.1) and let N
be a strong negation (definition 2.2).

An expression for measuring the specificity of a fuzzy set A on an infinite domain
is given as follows:

Qup
MS(A) = T(0tup, N [ M(AL) - dot) )
0



Qup
where '[ is a Choquet integral (definition 2.9).
0

Lemma 3.1:
If A is a normal fuzzy set then:

1
MS(A) = N( | M(A,) - dar) (3)
0

Proof:
Qup 1

1
MS(A) = T(0tuups N( j M(A,) - do)) = T(1, N(j M(A,) - da)) = N(j M(A,) - dov).
0 0 0

1
Note that if A is a classical non empty set then MS(A) = N(I M(A,) - dao)
0

Lemma 3.2:
If A and B are non empty classical sets and M(A) > M(B) then MS(A) < MS(B)
The proof is trivial from the previous lemma.

Theorem 3.3:
The measure of specificity expression under infinite domains MS verifies the axi-

oms of measures of specificity (definition 2.4).

Proof

0
Axiom 1: MS(@) = T(0, N( j 0-do)) =T(0, 1) =0
’ 1 1
Axiom 2: MS({x}) = T(l, N(J' M(A,) - da)) = N(J' 0- do) = N(0) = 1, and
0 0

1 1
MS(A) = 1 = 0y = 1 and N(J‘ M(A,) - do) = 1 = ot = 1 and j M(A,) - doc =0
0 0

= dgp = 1 and M(A,) = 0, so by applying the condition 4 it is deduced that A is a
singleton.

Axiom 3: If A and B are normal fuzzy sets and A < B then M(A,) < M(B,,) for any

., So:

1 1
MS(A) = N(J- M(A,) - do) > N( j M(B,) - dat) = MS(B). Z
0 0



Note that if the condition 4 is not imposed to the fuzzy measure M, then MS is a
weak measure of specificity (definition 2.6).

Lemma 3.4:
MS is a regular measure of specificity.

Proof:

1 1
MS(X) = T(1, N(J' M(X,) - dot)) :N(J' 1 -doy = N(1) = 0.
0 0

4 Measure of specificity for fuzzy sets on infinite domains

R. R. Yager [8] gives a first example of measure of specificity for a fuzzy set on an
infinite domain. This paper shows that the same example can be written using the
new proposed expression, the usual negation and the Lukasiewicz t-norm.

Let X be an infinite set (for example, a real interval). Let A be a fuzzy set on X
and let Aa be its a-cut.

R. R. Yager [1998] proposes a measure of specificity on an infinite domain
given as follows:

(xmax

Sp(A) = _[ F(M(A,)) da @)

where o,y is the maximum membership degree of A, M is a measure on X and F
is a function F: [0, 1] — [0, 1] verifying:
1) FO)=1
2) F(1)=0
3) Ifx>ythen0<F(x)<F(y)<1

Example 4.1:
Let X be the real interval [0, 1] and let M be the Lebesgue-Stieltjes measure de-
fined as M([a, b]) = b—a. Let F be the function F(z) = 1 — z. Let A be the fuzzy set
defined by:

2x 0<x<0.5
A(x) = § -2x+2 05<x<1 . (5)
0 otherwise

The graphical representation of A is the following:



A

!
oo

!
T,00 of

= Qe
X 0<x<0.5
Fuzzy set A) = ) 5yip 0.5<x<1
0 otherwise

Fig 1: Fuzzy set A

For any a, A, = [0/2, (2—a)/2] and M(A,) = ((2—a)/2)~(a/2) = 1—0.. AS Oya=1
then:
1 1
Sp(A) = J' F(M(A,))do = j (1 - (1-0)) doe = 0.5.
0 0
Yager gives another new concept for measuring the specificity of fuzzy sets on
continuous domains when X is the real interval [a, b] and F(z)=1—:

(xmax O(max amax
Sp(A) = I F(M(A))do = _[ (I-M(A))do = Otmax — '[ M(Aq)da
0 0 0

If M is the normalized Lebesgue measure M(B) = Length(B)/(b—a) then

Omax ) gy
Sp(A) = Omax — I M(A,) dot = Olpax —E J. Length(A,) da.
0 0
Qg
So, the expression Length(A,)da can be interpreted as the area under the
0

fuzzy set A, and the measure of specificity of a fuzzy set A on an interval [a, b] can
be given as

_ area under A
Olmax b —a . (6)

5 The new expression generalises Yeager’s measure of specificity of
fuzzy sets on infinite domains [§8]

It is shown that the previous example 4.1 is a weak measure of specificity (defini-
tion 2.6) under an infinite domain when N is the negation N(x)=1-x, T is the Lu-



kasiewicz t-norm defined by T(x, y) = max(0, x+y—1), and M is the Lebesgue meas-
ure given by the length of an interval. Then

amax
MS(A) = max (0, Olyax TN( j M(Ay).da) — 1)
0
amax
= max(0, apxt1— J M(A,).do-1)
0
amax
= max(0, Olmax— J. M(A,).do) (M(A,) is always less or equal than one).
0
QLmax Qg Omax
= Olax — J. M(A,).do = J. (1-M(A,))do = J. F(M(Ay))do = Sp(A).
0 0 0

Note: When the measure M is the length of an interval, it does not verify condition
4, hence the new given expression is a weak measure of specificity. For example, if

1 ifx=0,x=0,25x=0,5x=1
A(x) =
0 otherwise

1 1
M(A,) = 0 and M(A,) = 1, then j M(A,).da = 0 and Sp(A) = 1 - j M(Ay).da = 1,
0 0

but A is not a singleton.

6 Examples

Example 6.1
To compute a weak measure of specificity of the fuzzy set

0 0<x<025
B(x)= ) 4x—1025<x<05 (7
—4x+3 0.5<x<0.75
0 0.75<x<1

on the real interval [0, 1], it is necessary to compute its a-cut. which is graphically
shown in the following figure:



T 0e| DT ,06 [0

(a+1yd (3o

Fig 2: a-cut of B(x)

For any a, B, = [(a+1)/4, (3—a)/4].
If T is the Lukasiewicz t-norm, N(x) = 1-x and M is the Lebesgue measure then:
M(B,) = 3—a_a+1 _ -
4 4 2
AS Ol = 1 it follows that

1

1 1-a 13
MS(B) = 1—J' M(B,)do = 1—j % a=1-— =2,
2 4
0 0
Example 6.2
To compute a weak measure of specificity of the fuzzy set
0 0<x<0.25
B(x)= ) 4x—1025<x<05 )
—4x+3 0.55x<0.75
0 0.75<x<1

on the real interval [0, 1], it is necessary to compute its a.-cut. For any a, C, = [a,
1-a] and M(C,) = 1-0-a = 1-20a., SO Olmax = 1/2.
If N(x) = 1-x and T is the Lukasiewicz t-norm then

1/2 1/2 1
MS(C)=1/2 - I M(Ca)doc:l/Z—J. (1-20).d0 = 12~ (12~ 14] = .
0 0

If T = Prod then
1/2

MS(C) = Prod(Otmaes N( j' M(Co)da)) = 1/2%(1— [1/2 — 1/4]) = 1/2%(3/4) = 3/8 =

0,375.
If T = Min then
1/2 3
MS(C) = Min(0tmax, N( j M(Cy)da)) = Min(1/2, 3/4) = Z =0,75.

0
Example 6.3



The following table summarises several measures of specificity of five fuzzy sets
defined on the unit interval when T is the minimum, Product or Lukasiewicz t-norm,
N(x)=1-x and M is the Lebesgue measure.

Table 1: Examples of weak measures of specificity when N(x)=1-x, T = Min, Prod, W, and M

is the Lebesgue

N

X =10, 1] T Lu- Product [Minimum
kasiewicz
0 0<x<0.25
B /\ B(xy=) ¥10255x<05 0.75 0.75 0.75
e =1 4r43 05<x<075
0 0.75<x<1
2x 0<x<0.5
A A(x) =4 2x+2 05<x<l 0.5 0.5 0.5
0 otherwise
1
4x 0<x<—
E 4 0.25 0.25 0.25
E(x)=4 1 %Sxé%
4-4x szSI
4
0 0<x<0.25
D | /\ D)= 2x-1/2 025<x<0.5 0.375 0.437 0.5
— 3/2-2x 0.5<x<0.75
0 0.75<x<1
Clx) = x 0<x<0.5
=11_x 05<x<1 025 | 0375 | 05

Note

When the fuzzy set is normal, the t-norm T is irrelevant. This is held because a,=1
and so by lemma 3.1 it is held that

1
MS(A) =Nj M(Ay).da
0

Note that B c A c E, so MS(B) > MS(A) > MS(E), and as D < C then MS(D) >

MS(C).

Example 6.4

Many other examples can be generated using different t-norms and negations.

Some examples are given using the strong negation N = 1-x*.

If the t-norm T is the Lukasiewicz t-norm, then




12 12
MS(C) = W(Otmaxs N( j M(Cy)dar)) = 1/2+N(j M(Co)do) — 1= 1/2 + (3/4)> — 1 =
0 0

0,0625.
If T is the product t-norm then

12
MS(C) = Prod(otpax, N( I M(Cy)da)) = 1/2*(3/4)2 =0,28125.
0
If T is the t-norm minimum then

12
MS(C) = Min(Otmax, N( I M(C,)dar)) = Min(1/2, (3/4)*) = Min(0,5, 0,5625) = 0,5
0

7 Conclusions

A general expression to compute measures of specificity or weak measures of
specificity of fuzzy sets under infinite domains is given.

The new expression provides an easy way to compute several measures of speci-
ficity of fuzzy sets under infinite domains by choosing a good t-norm, negation and
fuzzy measure for each environment or logic.

It is shown that previous examples of measure of specificity under infinite do-
mains in Yager [8] are generalized by the new expression. Some more examples are
given.

Acknowledgment

This research is partially supported by the Spanish Ministry of Science and Tech-
nology, MCyT.

References
1. Choquet, G.: Theory of capacities, Annales de I’Institute Fourier. (5), 131 —295. 1953.
2. Garmendia, L., Yager, R. R., Trillas, E. and Salvador, A.: On t-norms based measures of

specificity. Fuzzy Sets and Systems 133, 2, 237 - 248. 2003.
3. Grabisch, M., Murofushi, T. and Sugeno, M.: Fuzzy Measures and Integrals Theory and
Applications, Physica-Verlag. (2000).
4. De Luca, A. and Termini, S.: A definition of a non-probabilistic entropy in the setting of
fuzzy sets theory. Information and Control 20, 4, (1972) 301-312.
Nguyen, H. T. and Walker, E. A.: A first course in Fuzzy Logic (CRC Press. 1996).
Schweizer, B., Sklar, A.: Probabilistic Metric Spaces, North-Holland, New York, (1983).
7. Trillas, E. and Alsina, C. : A reflection of what is a membership function. Mathware.
Soft Computing VI, 2-3, (1999) 201-215.

AN



Yager, R. R.: On measures of specificity, Computational Intelligence: Soft Computing and
Fuzzy-Neuro Integration with Applications, eds. O. Kaynak, L. A. Zadeh, B. Turksen and
I. J. Rudas, Springer-Verlag, Berlin, (1998) pp. 94-113.

Yager, R. R : Ordinal measures of specificity, Int. J. General Systems 17 (1990) 57-72.
Yager, R. R.: Measures of specificity of possibility distributions, Proceedings of the Tenth
NAFIPS meeting, U. of Missouri, Columbia, MO, (1991) 240-241.



	MDAI 1.pdf
	paper31.pdf

