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Abstract

This paper presents SOCLP (Set Oriented Calculus for Logic Programming),
a proof calculus for pure Prolog programs with negation. The main differ-
ence of this calculus w.r.t. other related approaches is that it deals with the
answer set of a goal as a whole, instead of considering each single answer sep-
arately. We prove that SOCLP is well defined, in the sense that, at most, one
answer set can be derived from a goal, and that the derived set is correct and
complete w.r.t. the logical meaning of the program. However, not all the an-
swer sets admit a proof in SOCLP. For this reason, the paper also introduces
another calculus, SOCLP_,, which allows to prove finite approximations of
(possibly infinite) answer sets. SOCLP_, is coupled, through the inference
rule for dealing with negation, with a third calculus SOCLP_, which proves
whether a set is a superset of the answer set of a given goal. The paper also
shows how the three calculi are related and their main properties.



Chapter 1

Introduction

The semantics of logic programs was firstly studied in the seminal paper [4],
which introduced the ubiquitous immediate consequence operator Tp. In [3],
the negation as failure rule was introduced as an effective means of deducing
negative information for logic programs, and proposed the completion of
a program as a description of its meaning. These and further approaches
are based on SLD resolution for logic programming, as proposed by [6], a
particular refinement of the resolution principle [9]. The drawback of this
point of view is that one cannot directly reason about the meaning of a
program in terms of answer sets. In particular, this is an inconvenience when
using algorithmic debugging [10] for detecting missing answers, where the
complete set of answers for any subgoal of the subcomputation is needed.
Also, deductive databases, for which semantics is usually defined in the same
way as logic programming [13], may be better described with a set oriented
calculus, since the natural answer in this context is a set of tuples, as in
relational databases.

This paper presents SOCLP (Set Oriented Calculus for Logic Program-
ming), a proof calculus for pure Prolog programs with negation, which deals
with the set of answers of a goal as a whole, instead of considering each single
answer separately. However, we will see that the completeness of SOCLP can
only be ensured for a restrictive class of logic programs, namely the hierar-
chical programs [7, 5] over finite Herbrand universes. For this reason, the
paper also introduces another calculus, SOCLP_,, which establishes whether
a given set is a subset of the (possibly infinite) answer set of a certain goal.
Therefore, SOCLP_, allows to prove finite approximations of the answer set.
SOCLP_, is coupled, through the inference rule for dealing with negation,
with a third calculus SOCLP_, which proves whether a set is a superset of
the answer set of a given goal.

We also include theoretical results proving properties of the three calculi.



In particular, we prove that SOCLP is well defined, in the sense that only
one set can be derived from a goal, and that such set represents faithfully
the answer set of a goal. We also show how the three calculi are related by
proving that a set of answers can be inferred from a given goal in SOCLP iff
the set can be inferred from both SOCLP_ and SOCLP_..

To the best of our knowledge, only few papers in the field of declarative
debugging address calculi involving goal answer sets (e.g., [11]). However,
these works do not consider programs with negation, and usually represent
the sets as disjunctions of logic formulas with variables instead of dealing
directly with set of ground terms. While their approach is more useful for
representing the answers of Prolog systems, ours is more oriented to the case
of deductive databases where the answers are assumed to be sets of ground
terms.

The limitation of our approach is that, in general, infinite proofs should
be needed for recursive goals with function symbols, and hence it seems no
adequate for describing logic programs. But if we consider deductive data-
bases, termination is guaranteed provided some conditions. These conditions
can avoid infinite proof trees and restrict both function symbols and nega-
tion. This is the case of safe Datalog programs with stratified negation [12],
where finiteness and termination is ensured.

Our paper will be organized as follows: First, a motivating section intro-
duces our setting and highlights their advantages. Second, we pose some pre-
liminaries about the logic language we adhere to. The third section presents
the set oriented calculus SOCLP intended to represent goal meanings as tu-
ple sets. Section four introduces the two calculi SOCLP._ and SOCLP_, and
their properties. Finally, some conclusions and future work are pointed out.



Chapter 2

Preliminaries

In this section, we present the notation and definitions used throughout the
paper which somehow differ from other approaches to logic programming.
For other basic definitions about this paradigm, we refer the reader to [1].

We consider programs with the syntax of pure Prolog programs with
negation but without "impure” features. A program P is therefore a set of
normal clauses [7]. In order to distinguish the different clauses defining the
same predicate p, we use subindexes following any arbitrary criterium (such
as the textual order in the program). Thus, if a predicate p is defined through
m clauses we will denote them as py,...,p,. Each normal clause p; must
have the form:

pz(zn) — ll(allgl)a y lm<a;cnm)
\\/-/ N ~ /
head body

corresponding to the first order logic formula p;(%,) < l1(ay, )A ... A L (a@y ),
where the variables whose first occurrence is on the head of the clause have
implicit universal quantifiers and the variables whose first appearance is in
the body of the clause have implicit existential quantifiers. The notation (¢,)
denotes the n-ary tuple (¢1, ...,t,). In particular, we represent by () the 0-
ary tuple, commonly called the wunit tuple. The symbols ¢; (with 1 < i < n)
and ay with 1 <u <m, 1 <v <k, represent terms, defined as usual in logic
programming: any variable and constant is a term, and any expression f(t,)
(with a function symbol f of arity n and terms ¢; (1 < i < n)) is a term as
well. The set of all the tuples of n terms that can be built using the constants
and functions of a program P is denoted in the rest of the paper as U,,. Notice
that U, is infinite if the set of terms (the Herbrand universe) is infinite. The
symbols [;(ay,) with 1 < i < m stand for literals which can be either positive
atoms of the form p(aj,) or negated atoms —p(az,). Sometimes, we will also
be interested in extended literals which can be of the form p(aj ), p;(aj,)
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topicArea; (logic,maths) : — true.
topicAreay(topology,maths) : — true.
topicAreas(logic,computers) : — true.
mainy(X) : — topicArea(X,maths), — topicArea(X,computers)).

Figure 2.1: Relating topics to areas of knowledge

and —p(aj, ). Including names of clauses as possible (extended) literals is
consistent with considering each clause p; as a predicate defined by just one
clause, and any predicate p defined by the implicit formula:

VX1, 0 X, (X)) — pu(X) V. Vo (X))

where n is the predicate arity and X; is a variable for every 1 < j < n.
Goals will be literals I(t,) with (t,) € U, and with all the variables in
the goal assumed to be existentially quantified. Although the usual defin-
ition of goals in logic programming considers conjunctions of literals, ours
has no lack of generality; whenever we need to use a conjunction of literals
li(a},), ..., ln(a} ) as a goal, we replace it by the goal main(X,), assuming
the existence of a new predicate main defined by only one clause of the form:

mainy(X,,) - h(ag,), ..., l(al)
where {X1,...,X,} is the set of variables in ly(ay ), ..., lm(ay’ ).

Example 1 Figure 2.1 presents a small program written following the con-
ventions described so far. The predicate topicArea relates topics to their
area of knowledge. The three clauses of this predicate are facts, which are
displayed in our setting by including the special propositional constant true
as the body of each clause. The main predicate of the example holds for those
values X such that are topics of the field of mathematics but not of the field
of computers.

An answer of a positive goal p(t,) w.r.t. a program P is a tuple of terms
(@) such that:

i) (an) € Uy.
ii) There exists a substitution 6 verifying (¢,)0 = a,.

iii) I(a,) is a logical consequence of the set of logic formulas represented
by the program.



We say that 6 is the associated substitution to the answer (a,). The first
condition limits our possible answers to ground terms. For instance, the only
answer of the goal main(Y) w.r.t. the program of Figure 2.1 is (topology).

An answer for a negative goal —p(t,) w.r.t. a program P is a tuple of
terms (@, ) such that (a,) is not an answer of p(¢,). We use the expression an-
swer set to indicate the set containing all the answers of a given goal. For in-
stance, the answer set of the goal =main(X) is the set {(logic), (maths), (computers)},
since these are the elements of U; that are not answers of main(X).

Finally, we define a special kind of programs: we say that a program is
hierarchical [7, 5] if there exists some level mapping such that every clause
pi(tn) :=1li(ay,), .., lm(a}} ) verifies that the level of every predicate occur-
ring in the body is less than the level of p. A level mapping of a program
is a mapping from its set of predicate symbols to the natural numbers. We
call level of a predicate to the value of predicate under such mapping. For
instance, the program in Figure 2.1 is a hierarchical program because we can
define the following mapping: { true — 0, topicArea — 1, main — 2 }.



Chapter 3

The SOCLP Calculus

In this section, we present the proof calculus SOCLP, which allows to prove
that a set .S is the answer set of a goal G w.r.t. a program P. We will use
the notation P kg p G < S, with G a goal and S a set of ground terms,
to indicate that the statement G < S can be deduced in SOCLP using a
finite number of steps. In this case, we will say that G < S has a proof in
SOCLP, and that S is the SOCLP-set of G. The five rules of SOCLP can
be seen in Figure 3.1. The first two inference rules correspond to the trivial
cases of a goal being either true or p;(a,) with (@,) not unifiable with the
head of any clause for p;. In the first case, the SOCLP-set only contains the
unit tuple (), since we assume that this 0-ary predicate always holds. In the
second case, if the most general unifier of (a,) and the tuple at the head
of p; does not exist, it is easy to check that the goal has no answer. Thus,
the SOCLP-set is (). The inference rule (NEG«) says that the SOCLP-set
of a negated atom —p(t,) is the complementary of the SOCLP-set of the
corresponding positive atom w.r.t. U,. That is, we use the closed world
assumption [8], which assumes that all atoms not entailed by a program
are false. This point of view is convenient for working with answer sets,
which makes it widely used in database logic languages (see for instance [13],
chapter 10). (PR..) defines the SOCLP-set of a positive atom as the union
of the SOCLP-sets obtained by using its defining clauses. Finally, (CL..)
explains how to obtain the SOCLP-set S of a clause p;(¢,,) from the SOCLP-
sets of the literals of its body. The clause (p;(@,) :— (b)), - ., ln (b)) € P
is assumed to have new variables, different from those in (¢,). This rule
says that all the premises must be affected by the most general unifier of
(@,) and (t,). Then, each substitution #" that generalizes the associated
substitutions of one element of the SOCLP-set of each body literal produces
an element in S. Conversely, each substitution associated to an element of
S must correspond to the restriction of a more general #’ that generalizes
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SOCLP

(TR-.)

(EMP..)

(NEG..)

(PR-.)

(CL..)

true < {()}
_ if (pi(ay) :— ll( Dy lm(l_)%”m)) € P, and
pi(tn) < 0 m.g.u.((@n), (tn )) 'does not exist.
p(tn) < So : _
o) sy = U
pl(fn) = S} - - pk(fn) < Sk if §= Ule S;, and p1, ..., Dk
p(tn) < S are all the clauses of p in P
(b, )0 < S1 ... Ln(b] )0 = Sy "
pi(tn) < S '
-SCu,

- (pilan) == L(by,), -, () € P
-0 = m-g-u'((an)7 (tn)) _ ,

- (tn)00' e S for all 0’ s.t. (b}, )00 € S; withi=1...m
- for all (£,,) € S exists ¢ s.t. (t’n) = (t,)00

and (b’i)% € Sjforeachi=1...m

Figure 3.1: The SOCLP calculus




the associated substitutions of one element of the SOCLP-set of each body
literal.

Example 2 As an example of inference using SOCLP, Figure 3.2 includes
a SOCLP proof tree for P Fgocrp main(Y) « {(topology)}. The root
contains the initial statement, and the children of any node correspond to
the premises of the SOCLP inference rule applied at the node. Below the
tree are listed the renaming of the clauses and the m.g.u. associated to each
application of the (CL., ) inference rule. For instance, the first application
of (CL.,) corresponds to the clause for main. The children correspond to the
body of the clause after applying the m.g.u.:

topicArea(Y,maths), — topicArea(Y,computers))

The SOCLP-set for the first literal topicArea(Y,maths) is { logic, topology
}, corresponding to the substitutions 0" = {Y + logic} and 0 = {Y —
topology}, respectively. The SOCLP-set of the second literal is { maths,
computers, topology }, with associated substitutions §' = {Y + maths}, ¢ =
{Y +— computers}, and ' = {Y + topology}. Only the substitution §' =
{Y + topology} corresponds to the SOCLP-sets of both literals, and for that
reason topology (underlined in the tree) is the only element in the SOCLP-
set for maing, following the requirements of the fourth and fifth conditions of

(CL._).

This example shows that in SOCLP neither the order of the literals in the
body of a clause nor the textual order of the clauses of the same predicate
is important. The following proposition ensures that the calculus defines at
most one SOCLP-set for any given goal.

Proposition 1 Let P be a program, l(t,) and S,, S, two sets such that

Plsoorp () < Sa and P bgoopp U(in) < Sy Then S, = Sy,

Proof.

Let T be a proof tree for P kgoycir,p [(tn) < Sa. The result can be proved
using induction on the height of T. If height(T) = 0 (basis), observing the
inference rules of the calculus it is straightforward to check that either the
inference (TR.,) or (EMP.,) has been applied at the tree root. In the first
case, the only set S allowing a proof for the statement true < S is {()} ,
and therefore S, = S, = {()}. In the second case (EMP..,) has been applied,
and [(t,,) must be of the form p;(¢,) with p; a program clause of the form

pi(@n) : —li(by), -y L (BF)
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main(Y) « {(topology)}
(PR..)

main; (Y) < {(topology)}

(CLH)(U
topicArea(Y,maths) < {(logic, topology)} - topicArea(Y,computers) «
(PR<) {p(maths, computers, topology)}
topicArea; (Y,maths) < topicAreag(Y,maths) < 0
{(logic)} (EMP«)
(CL)® (NEG<)
topicAreas(Y,maths) < {(topology)}
true < {()} (CL-)® topicArea(Y,computers) < {(logic)}
(TR)., true © {0} (PR..)
(TR)-.
topicArea; (Y,computers) « (} topicAreas(Y computers >
(EMP..) {1og1c
topicAreay(Y,computers) < () (CL.)®
(P true < {()}
(TR)o

(1) Clause mainy(X) : — topicArea(X,maths), — topicArea(X,computers)), 6 ={X — Y}
(2) Clause topicAreay(Y,maths)), 6 = {Y  logic}

(3) Clause topicAreas(Y,maths)), 6 = {Y — topology}

(4) Clause topicAreas(Y,computers)), 6 = {Y — logic}

Figure 3.2: Inference using the Calculus SOCLP.,
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and the m.g.u((a,), (t,)) does not exist. In this case only the (EMP..) in-
ference rule can be applied, at the root of P tgocr,p !(tn) < Sp, and hence
Sa = Sb = @

If height(T) > 0 (inductive step) the inference rule applied at the root of
T can be either (NEG.,), (PR.) or (CL.,). We next show the proof of the
result in the first case. The proof is analogous for the other two rules.

If the inference rule applied at the root of T'is (NEG..,), then [(f,) =
—p(t,) for some predicate p, and the corresponding inference step must be of
the form:

(tn) = Sl

—p(tn) <

with S, = U,\S1. Any proof of P Fgocrp —p(t,) < S, must also be of the
form

p(tn) — Sy
—p(ts) < Sp

with S, = U,\Ss. The proof tree T" of P Fgocr,p p(tn) < S1 is a children
subtree of T, and therefore height(T") < height(T). Applying the induction
hypothesis it follows that S; = Ss, and hence S, = 5. O

The next theorem establishes the relationship between the SOCLP proofs
and the logical meaning of the program, proving that the SOCLP-set of any
goal is actually its answer set.

Theorem 1 (Soundness and weak completeness of SOCLP)
Let P be a program, I(t,) a goal, and S a set such that P =g p l(tn) <
S. Then (a,) € S iff (a,) is an answer of l(t,).

Proof. We use induction on the height of a proof tree T" for P tgocp,p
I(t,) < S, with | any extended literal (using extended literals instead of
literals is more general and convenient in the proof).

= We start considering the SOCLP inference used at the root of 7"
— (TR..). In this case () is the only element in S, and it is straight-

forward to check that () is an answer for true w.r.t. any program
P.

— (EMP.,). The result holds trivially since there is no element in S.
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— (NEG..). The inference must be of the form:
p(t,) < S : ,
Applying the induction hypothesis to the premise, all the elements
in S” are answers of p(t,). But S = U, \ S’ which means that any
element of S is not an answer of p(¢,) and therefore is an answer
of —p(t,) according to the definition of answer of a negative goal.

— (PR.). The induction hypothesis can be applied to the premises,
showing that every element in S; is an answer for p;(¢,) for i =
1...k. S is the union of the S;, and therefore every s € S is an
answer for some p;(t,). It is straightforward to check that any
answer for p;(t,) is as well an answer of p(,,) because p is defined
as the disjunction of all its clauses p;.

— (CL..). Let (pi(a@n) :— Li(by,), -, Ln(b ) the renaming of the
clause for p; used in the inference rule.
Let s be an element of S. By the fifth condition of the inference
rule conditions, s is of the form (¢,)06’, with 6 the m.g.u. of ()
and (a,), where p;(a,) is the head of a renaming of the clause
for p;, and € is such that (B;'%)ee’ € S; withi =1...m. By
the induction hypothesis the (b}, )¢ are answers of {(b} )f. This
means that all the premises of the clause are satisfied by #6’, and
hence that (¢,)06'; i.e. s, is an answer of p;(t,)0. Finally, it easy
to check that if (,,)00" is an answer of p;(£,,)0, then (£,,)(00') in an
answer of p;(¢,).

— (TR.). Then I(t,) is true(), or in short simply true. And the
only possible answer for true is (), since this is the only element
in Uy and true is a logical consequence of any program. And () is
in 9, as the theorem claims.

— (EMP.,). In this case I(t,) is pi(t,). The non existence of the
most general unifier implies that there is no 6 such that p;(¢,)0
is a logical consequence of the program, and therefore the answer
set is () and the result holds.

— (NEG..). The inference must be of the form:
p(t,) < S
—p(t,) < S

Applying induction to the premise, all the answers of p(¢,) are

elements of S’. But S = U,\S’, and hence every answer of —p(¢,,)
is in S, due to the definition of answers for negative goals.

if S = U,\S
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— (PR.,). The predicate p is defined as the disjunction of its clauses
P1y -+, Pk- Then any answer s of p(¢,) must be the answer of
some p;(t,), with 1 < i < k. Applying the induction hypothesis
to the i-th premise of the inference rule, we have that s € \S;, and
hence s € S (S is the union of all the 5;).

— (CL..). Let (p;(@n) :— Li(by,), ..., Ln(b ) the renaming of the
clause for p; used in the inference rule. Let s = (¢,)0; be an
answer for p;(¢,). By the definition of answer, s is a logical conse-
quence of the program. Since p; is defined by only one clause,
this means that there must exists a substitution o, such that
(pi(@n) < L(by,), -, ln(b" ))os can be deduced from the pro-
gram, with s = (a,,)o,. Without loss of generality we can assume
that dom(o1) N dom(oy) = 0 (the instance of clause is a renam-
ing such that it has no common variable with (¢,)). Then the
substitution o =4 01 U 0y verifies s = (f,)0 = (a,)o, i.e. o is
an unifier of (¢,) and (a,), and by the definition of most general
unifier, ¢ = 00" with 6 the m.g.u. of (¢,) and (a,), and 6 some
substitution.

Now, using the induction hypothesis in the premises of the infer-
ence rule we have that all the answers of I(b] )0 with ¢ = 1...k
are in the corresponding set S;. Since o is more particular than
0, al the answers of [(b], )o will be also in S; (remember that the
answers are ground terms), i.e. all the answers of I(b} )06 will
be in S; or, equivalently, 6’ is the associated substitution to an
answer of [(b], )0 for each ¢ = 1...k. By the fourth condition of
the inference rule (CL..), (¢,)06' must be in S, which means that
(tn)o € S, and since 0 = o7 U oy and dom(oz) Nwvar(t,) = 0,
(tp)or € S, ie. s€S.

The theorem states that, whenever a SOCLP-proof for [(¢,,) « S exists,
we can ensure that S is precisely the answer set of [(t,). Hence, we can
trust the SOCLP proofs as suitable descriptions of the answer set of a goal.
However, not all the answer sets admit a SOCLP proof tree.

Example 3 Consider, for instance, the small program:

p1(a) : — true.
p2(X) : — p(X).

13



It is easy to check out that the answer set of the goal p(X) is {(a)}. Howewver,
the statement p(X) < {(a)} cannot be proved in SOCLP.

The next proposition establishes a set of programs w.r.t. all the answer
sets of a goal admit a SOCLP proof:

Proposition 2 (Completeness of hierarchical programs over finite Herbrand
universes)

Let P be a hierarchical program over a finite Herbrand universe and l(t,) a
goal. Then, there exists some set S such that P bgoorp l(tn) < S.

Proof. We prove by complete induction the next, more general, result:
For every natural number m, every extended literal [(¢,) containing a predi-
cate of level m has a set S such that P kgocpp [(tn) < S.

e Basis. The basis corresponds to the predicate with minimum level,
which is necessarily the special symbol true. Indeed, it is easy to check
that every hierarchical program must contain a clause with body true,
and that this is the only predicate which is not defined in terms of
other program predicates. In this case a proof of the form P Fgocr,p
true <« S exists with .S = {()}, because such statement can be always
proved by using the SOCLP inference rule (TR..).

e Inductive case. Given r > 0, we assume that the result holds for all
natural numbers less than r. We distinguish cases depending on the
form of I(t,):

— [(t,) is of the form p(¢,). Every p; with i = 1...k% (k the number
of defining clauses of p), has less level than p, which means by
induction hypothesis that a proof of the form P tgcr,p pi(tn) <
S; exists. Then by defining S as U¥_,.S; we can prove P ) OCLP
p(t,) < S starting with an (PR..) inference rule.

— I(t,) is of the form —p(t,). By the previous point we have that
there exists an S such that P kgoorp p(tn) < S’. Then by
defining S as U,\S" we have that P tgocorp —p(tn) < S has a
proof which starts with the (NEG.,) inference.

— I(t,) is of the form p;(t,). If the m.g.u.((a,), (t,)) does not exist
with (p;(@,) :— L(b},), - -, ln(b")) a renaming of the clause for
pi, then P lyor,p pi(ta) < S admits a proof in SOCLP taking
S as () and (EMP.,) the only inference rule needed.

Otherwise, if § = m.g.u.((@,), (t,)) exists, then by the induction
hypothesis there exists also sets S; with ¢ = 1...m such that

14



there is a proof for P lgoopp Li(bg, )0 <> Si. Therefore we can
construct S as

S ={(t.)00' | ¢ s.t. (b, )00 € S; withi=1...m}

and prove P tgocr,p Pi(tn) < S starting with a (CL..) inference
rule. Notice that here the premise of a finite Herbrand Universe
is important: it ensures that the number of possible substitutions
0’ is finite and thus that S can be effectively constructed.

By Proposition 1, the set S is unique, and, by Theorem 1, this set is
the answer set of the goal. Thus, the SOCLP calculus defines correctly the
semantics of hierarchical programs [5] over finite Herbrand universes from
the point of view of the answer sets. Although the proposition provides a
rather restrictive set of programs for which SOCLP is complete, this does
not mean that SOCLP cannot be applied to non-hierarchical programs.

Example 4 The predicate main of the following program defines the set of
natural numbers which are less than one (i.e., only the number zero):

less (zero,suc(Y)) : — true.
lesso(suc(X),suc(Y)) : — less(X,Y).
main; (X) : — less(X,suc(zero)).

This program is not hierarchical, due to the second rule for less, and its Her-
brand Universe is infinite. However, as Figure 3.3 shows, using SOCLP is
possible to prove that P Fgop p ~main(X) < {(suc(zero)), (suc(suc(zero))), ...},
i.e., that all the natural numbers different from zero are not less than suc(zero).

In the previous example, it is also interesting to note that SOCLP proofs
are not always limited to finite answer sets. This is due to the rule for
negation, which can convert the proof of an infinite answer set in the proof
of a finite answer set, and vice versa (as the first inference step of Figure 3.3
shows). This rule also makes the set of provable statements different from
those of pure Prolog programs with negation. For instance, the previous goal
—main(X) has no solution using negation as failure because main(X) does
not fail (it succeeds with X +— zero).

15



- main(X) < {(suc(zero)), (suc(suc(zero))), ...}
(NEG..)

main(X) < {(zero)}

(PR-)

main; (X) < {(zero)}

(CLo)M

less(X,suc(zero)) « {(zero,suc(zero))}

(PR—)
less; (X,suc(zero)) « {(zero,suc(zero))} lessa (X,suc(zero)) < 0
(CL-)® (CL._)®
true < {()} less(U, zero) < 0
(TR-)
less1 (U, zero) < 0 less2 (U, zero) < 0)
(EMP..) (EMP..)

(1) Clause mainy(Y) : — less(Y,suc(zero)), 0 ={Y — X}
(2) Clause less;(zero,suc(V)) : — true, 6 ={X +— zero, V + zero}
(3) Clause lessa(suc(U), suc(V)) : — less(U,V), 8 ={X +— suc(U),V > zero}

Figure 3.3:
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Chapter 4

The SOCLP+~— and SOCLP—
Calculi

The previous section presented some examples of SOCLP proofs for finite
and, even, infinite answer sets. It also showed that it is very easy to find pro-
grams and goals whose answer set does not admit a SOCLP proof. Consider
for instance the following program:

Example 5 A predicate nat defining the natural numbers using Peano’s ax-

10ms:
nat; (zero) : — true.
naty(suc(X)) : — nat(X).

The answer set of the goal nat(N) is the infinite set of program terms repre-
senting the set of the natural numbers { (zero), (suc(zero)), (suc(suc(zero)),
... }. The SOCLP calculus cannot build a proof for this set because of the
recursive definition of natsy.

Figure 4.1 introduces two new calculi, SOCLP_ and SOCLP_,, that can
substitute SOCLP when we are interested in proving that a given set is
included in the answer set of a given goal. The two calculi are coupled
through the inference rule for negation. Given a goal G' and a set of ground
terms .S, we use the notation P ko), p_ G < S to indicate that there exists
a finite inference for G < S using the calculus SOCLP_, and P kgoor,p_
G — S to indicate that there exists a finite inference for G — S using the
calculus SOCLP_..

The purpose of the calculi is to prove partial approximations to the answer
set of a given goal. Their inference rules are similar to the inference rules
for SOCLP, but "relaxing” the associated conditions, which increase the set
of provable statements. Considering again the Example 5, now it is possible
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SOCLP_

=)

EMP—) - =0

(NEG._)

p(tn) — S2

) — 51 if S1 C Up\Ss

(PR_)_ ~
pl(tn) — 51 ... pk(tn) — Sk
p(tn) — S

(CL-) -
L(BL)0 — Sy ... L (B )0 — S,

if:
-SCU, ~ ~
- (pilan) = Li(by,), -, I (B ) € P
-0 =m.g.u.((ay), (t,))
- For all (¢],) € S, exists ¢ s.t.
() = (£,)00 and
(b )06 € S; fori=1...m

socLp_

(TR~) e =101

AT Y
if:
-SCU, _ _
- (pz(an> = ll(b]1<;1>7 ) lm(b”k,in)) € P’
and m.g.u.((@y), (t,)) does not exist

(NEG_)

p(tn) — SZ

i) s 1S = UnS:

(CL_) -
L(BL )8 — Si ... Lu(By )0 = S,

if:
-SCU, ~ ~
- (pi(&n) = ll(bllgl)L' ) lm(b;sn)) er
-0 = m;g.u.((dn), (tn))
- (t,)00 is in S for all ¢’ s.t.
(b, )00 € Sifori=1...m

Figure 4.1: The SOCLP_ and SOCLP_, Calculi
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nat(N) < {(zero), (suc(suc(zero))) }
(PR—)
naty(N) « {(zero)} nato(N) «— { (suc(suc(zero))) }
‘ (CL_)® (CL_)®
true «— {()} nat(U) « {(suc(zero))}
(TR_) PR
naty (U) < 0 nato(U) « {(suc(zero))}
(EM—)
(CL_)®
nat(V) « {(zero)}
(PR-)
naty (V) « {(zero)} nato(V) «— 0
true — {()}
(TR-—)
(1) Clause naty(zero) : — true, 6 = {N — zero}
(2) Clause nata(suc(U)) : — nat(U), 6 ={N — suc(U)}
(3) Clause nata(suc(V)) : — nat(V), 6 ={U +— suc(V)}

Figure 4.2: Inference using the calculus SOCLP._

to prove that P tgcop,p . nat(N) — S, with S any finite approximation of
the answer set { zero, suc(zero), suc(suc(zero), ...}.

For instance, Figure 4.2 shows the proof tree proving that P tkgoor,p.
nat(N) «— {(zero), (suc(suc(zero)))}. The relationship between the two
calculi and SOCLP is stated in the next proposition:

Proposition 3 Let P be a program, I(t,) a literal, and S a set of tuples of
arity n. Then, P Fgoorp Utn) < S implies P Fgoorp. l(tn) — S and
P l_SOCLPH [(t,) < S.

Proof.

We prove that P tgocr,p I(tn) < S implies P kg cr,p . U(t,) — S and
P gocLp. !(ta) « S, with [(Z,) any extended literal. The proof proceeds
by induction on the height of a proof tree T' for P kgocor,p I(tn) < S.

19



Basis (height(T) = 0). Observing the inference rules of the calculus, it is
straightforward to check that there are only two alternatives: (TR.,) and
(EMP.):

e (TR.).Then [(t,) is true and S = {()}. In this case the statement
true < {()} can proved in SOCLP._ using the inference rule (TR.),
and true — {()} can proved in SOCLP_, using the inference rule
(TR—)).

e (EMP.). I[(t,) must be of the form p;(¢,) for some clause p;, and
S = (. Then we can use (EMP.) to prove p;(t,) < 0 in SOCLP_,
and (UNI.) to prove p;(t,) — 0 in SOCLP_,, which can be applied
because () C U,, and because the rule (EMP..,) ensures that there is no
matching rule for p;(¢,) in P.

Induction (height(T) > 0). The inference rule applied at the root of T can
be either (NEG..), (PR.) or (CL.,).

e (NEG..). Then I(t,) is =p(t,) for some predicate p, and the correspond-
n !

m with § = U,\S".
The proof tree T" of p(t,) < S’ verifies height(T") < height(T), and
applying the induction hypothesis we have that it is possible to prove
p(t,) «— S" and p(t,) — S" in SOCLP._, SOCLP_,, respectively. Then
it is also possible to prove —p(t,) < S in SOCLP._ by extending the
proof of p(t,) < S" with a last (NEG._) inference step:

p(tn) — 5

—p(tn) < S
The condition S C U, \S’ required by the rule holds because (NEG..)
implies that S = U,\S’. Analogously, it is possible to extend the

SOCLP_, proof of p(t,) — S’ by using the (NEG_,) inference rule in
order to prove —p(t,) — S:

pty) < &
“p(tn) =S
since we know by the conditions of (NEG.,) that S = U,\S5".

ing inference step must be of the form:

e (PR.). The proof is analogous to the previous case and we skip the
details. [(t,) must be of the form p(t,) for some predicate p, and the
corresponding inference step must be of the form:
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p1(tn) < St...pe(t,) < Sk
p(t,) < S

with S = Ule S;, and where py, ..., pr are all the clauses of p in P.

Applying the induction hypothesis to the SOCLP proofs of the premises
we have that P tgoor,p_ pi(t,) — Si, P FOCLP. pi(t,) « S; for
i =1...k. Then it is possible to use to proofs of the p;(t,) < S; to
build a SOCLP_ proof for p(¢,) « S which ends with an application
of the (PR.) inference rule:

pi(tn) < St ... pr(tn) < Sk
pt,) — S

where the condition S C |J,_; ,S; holds because the inference rule
(PR.) ensures that S = [J,_,; S;. Analogously, in the case of the
SOCLP_, proof of p(t,) — S:

p(tn) — S

where the conditions required for applying the (PR_,) inference rule
are entailed by the conditions of (PR..).

(CL.). U(ty) is pi(t,) for some clause p; defining a predicate p, and the
corresponding inference step must be of the form:

ll(l_)}ﬂ)e — Sy ... lm(l_)’,?m)e — Sm
By the induction hypothesis P g cp,p. L;(bi, )0 — S; for i =1...m.
Combining the proofs for these statements it is possible to prove P fgoor,p_
pi(t,) < S ending with an inference step of the form:

L(L)O — Sy ... L(B )0 — Sy

(CL.)

where the conditions required for applying (CL. ) hold since they are
a subset of the conditions that were necessary for applying (CL..).
Analogously, in the case of SOCLP_, it is possible to combine the proofs
of 1;(bi )0 — S; by means of the (CL_) inference rule for proving
ll(B}ﬁ)Q — 51 ... lm(BZLm)@ — Sm
pz(.[?n) SN S/I

Again the conditions required for applying the rules are a subset of the
conditions required by (CL.,) and hence are satisfied.
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That is, the existence of a SOCLP proof for [(t,) < S determines the
existence of both a SOCLP_ proof for I(t,) « S, and a SOCLP_, proof
for I(t,) — S. But the main goal of SOCLP._ and SOCLP_, is not proving
the answer set of a goal, but approximations to this answer set. The next
proposition states that the two calculi are also useful for this purpose:

Proposition 4 Let I(t,) be a literal and S a set such that P Fgoorp
[(t,) <> S. Then, the two following statements hold:

i) S" C S for every S" such that P oo p. Utn) < S
i) S' 2 8 for every ' such that P bgporp . (ta) — S

Proof.
We check the validity of the two items at the same time by proving the
following, more general result:

Let I(t,) be a literal and S a set such that P bgoorp l(tn) < S. Let S’
be a set such that either P Fgocrp. l(tn) — S" or Prgoorp. l(tn) < 5.
Then, either S C S" (if P Fgocrp. U(ta) — S ) orS"C S (if P FsooLp.
I(t,) < S').
Let T be a proof tree of either P lgoorp  (tn) — S" or P kyooLp.
I(t,) < S’. We prove the result using induction on height(7T).

Basis (height(T)=0). The possible inference rules applied at the root of T
can be either (TR_) (TR.), (EMP._) or (UNI_,). We study each possibility:

e TR_) or (TR.). Then I(¢,) is true, and the inference rule applied in
the first step for proving P kgcpp true < S is necessarily (TR..).
Then both S” and S are {()} and the result holds.

e (UNI.). Then S’ = U, and S C 5’ trivially.

e (EMP._) Then S’ = and ) C S trivially.

Induction (height(T)> 0). The inference rule applied at the root of T" can be
either (PR-,), (PR_), (CL.,), (CL.), (NEG_,) or, (NEG.). We check each
possibility:

e (PR_) or (PR.). Then I(t,) is of the form p(t,) for some predicate p,
and the corresponding inference step must be either of the form
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/

pl(tn>_>51 pk<t_n) — O . ! k /
o) = S with S" D |J;_, 5!

or

pi(tn) < Sy ... pr(tn) < S
pty) — S

: k
with 8" C U, 5}

A proof of P kgocr,p p(tn) < S must also be of the form

pl(fn) And Sl . pk(fn) > Sk
p(tn) < S

with S = U, S

The proof tree T; of P tgyocrp_ pilta) — Si or of P IgooLp.
pi(tn) < S} verifies height(T;) < height(T), and applying the induction
hypothesis it follows that:

— S5; C S/ (if T be a proof tree for p(t,) — S’) and hence S C S’

— S/ CS; (if T be a proof tree for p(t,) < S’) and hence S” C S

(NEG_.) or (NEG.). Then I(t,) is of the form —p(t,) for some predi-
cate p, and the corresponding inference step must be of the form

p(t_n) — 5 : ' '

. with S C U,\ 5]
or

p(tn) < S5 : r_ '

I p— with " = U,\ S},

A proof of P kg, p —p(tn) < S must be of the form

p(fn) 5

The proof tree T" of p(t,) — S} or p(t,) <« S verifies height(T") <
height(T), and applying the induction hypothesis it follows that:

— 51 C 57 (if the inference rule applied is (NEG.)), then §" C
U, \S] C U,\S1 = S and hence, S’ C S

— Sy C Sy (if the inference rule applied is (NEG_,)), then S =
U, \S1 C U,\S5 = 5" and hence S C S’
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e (CL_) or (CL._). The proof is similar to the previous cases. Notice
from the two rules that the final set S is obtained from the sets obtained
in the premises. Since by induction hypothesis these sets verify the
corresponding inclusion the same will occur with the final set S.

Therefore, given P Fgocrp. I(ta) « S1, P lgocrp. ((tn) — Sz and
P kyocrp tn) < S, the two sets Sy, Sy provide, respectively, lower and
upper bounds on the set S (considering C as an ordering between sets).
Thus, the set S; is correct in the sense that contains only answers of the
goal, but not necessarily complete, while S5 is always complete but may be
incorrect, since it can include more tuples than those of the answer set. The
situation of proposition 3 is, in this sense, the limit case, when the inclusions
S1 C S C S, become equalities.

A straightforward corollary of Proposition 4 is that for every goal I(¢,,) and
sets S, S and Sy such that P lgqorp [(tn) < S, P lgocpp. [(ta) < S,
and P FgocLp. [(t,) — Sz, Sy is less or equal than Ss, ie., S; C Ss.
The following proposition shows that this happens even after removing the
premise of the existence of a proof for [(¢,) < S:

Proposition 5 Let P be a program, I(t,) a literal with arity n, and Sy, Ss
two sets such that P Fgoor,p. [(t,) < Si and P FsooLp. I(t,) — Ss.
Then, Sl - SQ.

Proof. Let T be a proof tree for P kgygop,p. !(fn) « Si. The result

can be proved using induction on the height of T'.

Basis (height(7')=0). The inference rules of the calculus applied at the root
can be either (TR.) or (EMP_):

e (TR._). In the first case I({,) is true and the only rule that can be
applied for proving true — Sy is (TR_,). Therefore S; = Sy = {()}
and the result holds.

e (EMP._): Then S; = ) and the result holds trivially.

Induction (height(T) > 0).The inference rules applied at the root of T can
be (NEG._), (PR_) or (CL.).

e (NEG.). [(t,) must be —p(t,) for same predicate p, and the corre-
sponding inference step must be of the form
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tn) — 51 ) ,
n -
A p—) with S; C U,\S,

Any proof of P lgqcr,p_ P(tn) — Sz must be of the form

@)%%

The proof tree T of the premise p(t,) — S; verifies height(T") <

height(T'), and applying the induction hypothesis it follows that S5 C
S} and hence

(PR.). I(ty) is p(t,) for same predicate p and the corresponding infer-
ence step must be of the form

p(tn) — Sll oopi(ty) < S}
p<tn) — Sl

with S, € ¥, S}

Any proof of P lgqcq,p_ p(tn) — S2 must be of the form

p1(t,) — Sf o pi(tn) — S?
p(tn) — Sy

with S2 2 Ule SZ

The proof trees T; of the premises p;(t,) < S} with ¢ = 1dotsk verify
that height(T;) < height(T'), and applying the induction hypothesis it
follows that S! C S? and hence

SlCUzlz Uzl zCS?
(CL.). I(t,) must be p;(t,) with p; a program clause:
pi(an) : _ll(l_)llcl)v R lm(l_)znm)
and 6 = m.g.u((a,), (t,)). The inference step must be of the form

L(L)0 — 8L .. 1, (b7 )0 — SI,
pz’(fn) — 5

Any proof of P lgocr,p_ P(tn) — Sz must be of the form
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11(13,11)9 — S ... lm(l_)’,:‘m)e — 52
pi(tn) — So

Applying the induction hypothesis it follows S} C S? for i = 1...m.
Let (#/,) be an element of S;. By the conditions of the (CL.) inference
rule, there exists a substitution 6 s.t. (¢,) = (t,,)06 and that (b}, )¢’ €
S} for every i = 1...m. Then (b )00 € S? (since S} C S?), and by the
conditions of (CL.) this means that (¢/,) is an element S,, and hence
S1 C Ss.

The following and last proposition defines the relationship between posi-
tive and negative atoms in both calculi

Proposition 6 Let P be a program, p a predicate with arity n, and Sy, S
two sets. The two following statements hold:

i) [f'P I_SOCLPH p(t_ ) — Sl and P l_SOCLP (2? ) — SQ, then Sl N
0.

2 =

ii) If P l_SOCLPH p(tT ) — S] and P I_SOCLP (f ) — S, then S; U

s =U,.
Proof.

i) Any proof of P kgoop,p. —p(tn) < Sz must be of the form

p(tﬁ) - 53
p(tn) < S2

with SQ Q Un\Sg

and therefore Sy N S3 = . Since P Fsocrp p(t,) < S1, by Proposition
5, it follows that S; C Ss and hence S; N Sy = 0.

ii) Any proof of P lggcp,p . —p(tn) — S must be of the form

p<tn) — 53
—p(tn) — S

with SQ U \Sg

and therefore Sy U S3 = U,,. Since P Fgoop,p_ p(t,) — S1, by Propo-
sition 5, it follows that S3 C S, and hence S; U Sy = U,.
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The two statements of the proposition point out the different and com-
plementary nature of the two calculi: in SOCLP_, a term cannot belong
simultaneously to the sets associated by the calculus to a literal and to its
negation, while this is otherwise possible in SOCLP_,. Conversely, SOCLP _
does not ensure that every term is either in the set associated to an atom or
in the set of its negation, while SOCLP_, always satisfies this completeness

property.
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Chapter 5

Conclusions and Future Work

The usual operational mechanisms used in logic programming implementa-
tions successively yield the answers for a given goal. While this is a good
approach in practical implementations, from the point of view of semantics
it is worth considering the set of answers of a goal as a whole. The SOCLP
calculus presented in this paper represents this point of view. The calculus
derivations can be seen as proof trees proving that a set includes all the pos-
sible ground answers for a given goal with respect to a logic program. In
Theorem 1, we have proved that SOCLP proofs represent faithfully the an-
swer set of a given goal. The main limitation of this calculus is that SOCLP
proofs do not always exists; we have only proved completeness (Proposition
2) with respect to the class of hierarchical programs over finite Herbrand
universes. Nevertheless, SOCLP proofs are often possible in more general
programs and it is part of our future work to extend the completeness result
to a broader class of programs. In order to (partially) overcome this limi-
tation, the paper also introduces a calculus SOCLP_ intended for proving
subsets of the answer set of a goal. SOCLP_ is coupled through the rule
for negation with SOCLP_,, a third calculus which can be used for proving
that a given set is a superset of the goal’s answer set. The paper proves
some basic properties of the three calculi, highlighting that, together, they
constitute an useful tool for working with answer sets in logic programming.

As future work, we plan to define a calculus based on SOCLP for defining
the semantics of deductive databases [13] and, in particular, of Datalog pro-
grams. Notice that SOCLP has already several features that already fit in
the usual framework of Datalog, such as the notion of sets of ground tuples as
natural answers, and the closed world assumption as a basis for the treatment
of negation [2]. Also, the requirement of a finite Herbrand universe for com-
pleteness is a condition for Datalog programs, in which no function symbols
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are allowed. Thus, the future extension of SOCLP should keep these features
while extending the class of complete programs to include non-hierarchical
programs, which is the case of Datalog.
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