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Introduction

In this paper, we shall show the efficiency of a new technique that uses
Riemann-Liouville fractional operators to reduce said differential
equations to solutions for basic differential equations, which implies
representing the more frequently used special functions in terms of
basic functions. This representation will also allow us, in many cases,
to extend the integral representation of said special functions.
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Introduction

In this paper, we shall show the efficiency of a new technique that uses
Riemann-Liouville fractional operators to reduce said differential
equations to solutions for basic differential equations, which implies
representing the more frequently used special functions in terms of
basic functions. This representation will also allow us, in many cases,
to extend the integral representation of said special functions.

In this article, we shall only consider, by way of example, the Bessel
differential operator and its relationship with the Riemann-Liouville
fractional operators, as well as the solution to the Bessel equation.
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Preliminary results

In this section we introduce some fractional operators, along with a set
of properties that will be of use as we proceed in our discussion (see,
for example, Samko, Kilbas, Marichev [1]; McBride [2]; Kilbas,
Srivastava, Truijillo [3]; Podlubny [4]).
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Preliminary results
Fractional operators and properties

Definition (Riemann-Liouville fractional operators)

Leta >0,withn—1<a<nandneN, [a,b] Cc Randletf be a
suitable real function, for example, it suffices if f € Ly(a,b). The
following definitions are well known:

(5000 = o [ 60O @ (x>
(D2,f)(x) = DLNX) (x> a)

1 b
(& f)(x) = r(a)/x(t—x)a_lf(t)dt (x <b)
(Dg_H(x) = D(I="N(X).  (x<b)

where D is the usual differential operator.

v
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Preliminary results
Fractional operators and properties

Definition (Generalized Riemann-Liouville operators)

Under the same conditions for function f, let g be a real function such
that its derivative g’(x) on [a, b] is greater than 0. Then:

0500 = o | G g & x>

r(a) g(x) —g(t))t-«
(D2, 41)(X) = (Igﬁgf)() (x > a)
(15, 4N = / S & (x<D)
(DE_, (X) = "), (x <b)

n
whereDg:( C D) .

V.
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Preliminary results

Fractional operators and properties

In particular, for the function g(x) = x™, m € N, and a = 0 we obtain
the following fractional integral operators:

(I5H(x) =

(Oaf)(x) =

M. Pilar V. Cebrian (UCM)

(164 xmf)(X)
1 X m __ imya—1 m
r(a)/o (x™ — t™)o-Lf (1) dit

Xma

! _ ma-1 m
F(a)/o (L—zM*"(xz) dz (x > 0)

(Dg; xnf)(X) = (=) (In *f)(x) (x> 0).
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Preliminary results

Fractional operators and properties

The following two Properties are well known:

Property (Exponents’ law)

Let f be a suitable function, for instance, locally integrable or
continuous, and «, 8 > 0. Then the following relations hold:

(I12,0)x) = (187H(x)
(2eHX) = (87 X).

Property

Letg>-landa>0(n—1<a<n,neN). Then

rp+1) _
ay,mg (B—a)
DpXx™” = (3 1)x
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Preliminary results

Properties of § = xD operator

Let f be a differentiable real function of order 1 in a certain interval
| CR, v €R,and m € N. Then:

(0 x7)f(x) = (x7 (v + 8))f (x)

| A\

Property
Let f be a differentiable real function of order 2 in a certain interval
| ¢ R. Then:

D2f(x) = (x 26(5 — 1))f(x)
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Preliminary results

Properties of § = xD operator

Property

Leta > 0, m € N, and let f be a suitable function in a certain interval
| C R (for instance, f € C%(1)). Then:

(Imd)F(x) = ((6 = ma)lq)f(x)
(Dma)f (x) = ((6 + ma)Dp)f(x)

and
(Imx~M)f (x) = (x~™alm)(F(x) — (0))

(Dmx~md)f (x) = (x7"oDg)(f(x) —1(0))

where I, and Dy, are the Riemann-Liouville fractional operators.
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Preliminary results

Solutions of a simple fractional differential equation

Property

Lety>0(h—1<a<n,neN)and m e N. Then, D3¢ (x) = 0 if, and
only if:

n
B(x) = Y- Cixme®)
k=1
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e Main result: Commutative rule
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Main result;: Commutative rule

Theorem

Let f be a differential function of order 2 in a certain interval | C R,
x # 0, let L,, be the operator

2
La:D2+$—%:x*2(5—a)(5+a),

and let T® be the operator

1 1
Ta:x“Dg+2 (a >0, n—1<a+§<n, n e N),

1
where D;Jrz is the generalized Riemann-Liouville fractional differential
operator. Then the following relationship holds:

(LaT¥)(F(x) — £(0)) = (T*D?)f (x)

v
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e Application-Example
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Application-Example

Solution of the Bessel equation

In this section we apply the results from the above Theorem to
explicitly obtain the solutions to the Bessel Equation:

! 2
y”+¥(+<1—i2)y:0 (x > 0).

We shall also show that one of the solutions extends the well-known
integral representation of the Bessel function for all v € R.
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Application-Example
Solution of the Bessel equation

First, we note that the Bessel equation may be written in terms of the
aforesaid L, operator, with o = |v|, as follows:

(La+1)y(x) =0.

Making the change of variable y(x) = T%(z(x) — z(0)), the previous
equation yields:

(La +1)y(x) = T*[(D* + 1)z(x) — 2(0)] =0,
since

(La +1)y(x) = ((La+21)T)(z(x) -
= (LaT+TY)(z(
= T°[(D? +1)z(x) — z(0)].

—_—
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Application-Example

Solution of the Bessel equation

Therefore, we can obtain a solution to the Bessel equation at every
point X = Xg (unless xg = 0, in which case we can obtain a solution in

any neighboring of xo = 0), by simply choosing a solution to the basic
differential equation:

(D? + 1)z(x) = 2(0),
that is,

z(x) = Cysin(x) +z(0) (Cy areal constant).
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Application-Example

Solution of the Bessel equation

Therefore, we can obtain a solution to the Bessel equation at every
point X = Xg (unless xg = 0, in which case we can obtain a solution in

any neighboring of xo = 0), by simply choosing a solution to the basic
differential equation:

(D? +1)z(x) = z(0),
that is,
z(x) = Cysin(x) +z(0) (Cy areal constant).

We shall choose the solution z;(x) = sin(x), which yields the following
solutions for the Bessel equation, valid for any real value of v:

_ R Ey o
yi(x) = (XD, ?)sin(x)
1-n y|v| X
— 27X — (x7? D)n/ (x2 — 2" =3 ¢ sint dt,
r(n—(lv|+3)) 0

withx >0andn—1< |v[+ 3 <n.
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Application-Example

Integral representation of the Bessel function

Aside from a constant, the obtained solution represents the Bessel
function of order v, and, given the appropriate restrictions, matches its

integral representation. For example, for o = |v| < % it holds that:
a a+i . X* 1 o _
ya(x) = (<05 13 (sinG0) = (%515 "x ) (cos(x))

@ Abramowitz M. and Stegun |.A.

Handbook of Mathematical Functions with Formulas, Graphs and Mathematical Tables.
Dover. New York, 1972, Abramowitz M. and Stegun |.A.
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Application-Example

Obtention of second solutions

Lastly, let us point out that various procedures exist for obtaining a
second solution y,(x) linearly independent from y;(x) for the Bessel
equation.

The most natural method is to reduce the Bessel equation to a first
order linear equation, for which we already know a solution, and then
to solve that equation directly.

y2(X) = yl(x)/x(yll(x))zdx

ati . 1
= [(an2+2>smx}/ 5 dx.
x2a+1 (D?% sin x)

M. Pilar V. Cebrian (UCM) On Bessel Functions October 2007 20/23



Application-Example

Obtention of second solutions

Additionally, keeping in mind the aforesaid solutions for a simple
fractional differential equation, it directly follows that every solution to

(D? + 1)z(x) = z(0) 4 x2>=1),

is also a solution to the Bessel equation, except for x = 0, as long as
z(x) displays suitable behavior at x = 0.
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Application-Example

Obtention of second solutions

Additionally, keeping in mind the aforesaid solutions for a simple
fractional differential equation, it directly follows that every solution to

(D? + 1)z(x) = z(0) 4 x2>=1),

is also a solution to the Bessel equation, except for x = 0, as long as
z(x) displays suitable behavior at x = 0.

Finding a particular solution to this new equation is easy given the
corresponding restrictions:

2o(x) — 2p(0) = /OX t@a-1) (sin(t) — cos(t)) dt,

and then we obtain a second linearly independent solution:

yo(X) = <an‘;+5> /Xt<2a—1) (sin(t) — cos(t)) dt.

0
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e Work for the future
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Work for the future

Other possible applications can be obtained by using commutative
rules similar to the main result of this work.
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Work for the future

Other possible applications can be obtained by using commutative
rules similar to the main result of this work.

Our next objective is to apply this technique for other linear or partial
differential equations. By example,

@ Euler-Poisson-Darboux equation

%¢  2n+1dp 6%

or2 ror  6t2

@ Equations with special functions as solutions (Legendre, Laguere,
Hermite...)
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THANKS FOR YOUR ATTENTION!
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