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This paper presents a discrete variational principle and a method to build first-integrals for finite dimensional

Lagrange-Maxwell mechanico-electrical systems with nonconservative forces and a dissipation function. The discrete

variational principle and the corresponding Euler-Lagrange equations are derived from a discrete action associated

to these systems. The first-integrals are obtained by introducing the infinitesimal transformation with respect to the

generalized coordinates and electric quantities of the systems. This work also extends discrete Noether symmetries to

mechanico-electrical dynamical systems. A practical example is presented to illustrate the results.
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1. Introduction

Dynamical systems with symmetries play an im-
portant role in the mathematical modelling of a large
The
symmetries allow one to build the invariants of the

class of physical and mechanical processes.

systems,[!! that can be useful to integrate the equa-
tions of motion, and also to construct suitable nu-
merical integrators for different equations of mathe-
matical physics.[3] In this paper, our aim is to pro-
vide a technique to find the equivalent of first inte-
grals for a discrete system, as an extension of the
continuous case. Arising from different approaches,
discrete variational principles and first integrals for
discrete mechanics have been considered over many
years. The theory of discrete variational mechanics
goes back to the 1960s, when Jordan and Polakl*
first treated them in the optimal control literature.
Cadzow!®! motivated and discussed discrete calculus of
variations and obtained the discrete Euler—Lagrange
equations. Logan!® obtained first integrals, using the
discrete calculus of variation and a discrete Noether

theorem, and studied the multi-dimensional as well as
the higher-order extensions. Maedal”® analysed the
canonical structure and the symmetries for discrete
systems, and extended Noether’s theorem in the dis-
crete case. Leel® was the first to consider time also
as a discrete dynamical variable. These ideas were
extended by Veselov,[1%11] Moser and Veselovl'? for
integrable systems. Jaroszkiewiez and Norteol'3—15]
applied this to some discrete mechanical models, in-
cluding systems of particles, classical fields and quan-
tum theory. The variational point of view and the
numerical implementation of discrete mechanics have
been developed by Wendlandt and Marsden, ¢ Kane
et al,l'”l and Bobenko and Suris.!'®! Following this,
Marsden et al,['”) and Bokenko and Suris?! consid-
ered symmetry reductions of discrete Lagrangian me-
chanics, discrete Lagrangian reduction, etc. Kane et
al?' extended variational integration algorithms to
discrete, dissipative, mechanical systems. In the work
of Marsden and West,[?? a comprehensive and uni-
fied view of much of these works both on discrete me-
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chanics and on numerical integration methods for me-
chanical systems can be found. Recently, Guo, Wu et
al!?3=27] have presented many results on difference dis-
crete variational principles, Euler-Lagrange cohomol-
ogy, symplectic and multisymplectic structures and
total variation in Hamiltonian formalism, symplectic-
energy integrators, etc. Zhang and Chen et all?8—3%
have recently obtained many results on discrete vari-
ation principles and first integrals of dynamical sys-
tems.

The study of discrete variational principles and
of first integrals for mechanical systems has been for
many years a field with an intense research activity.
The increasing interest in the subject is mainly due to
its dual character. On the one hand, discrete varia-
tional principles and first integrals of mechanical sys-
tems allow for the construction of integration schemes
that turn out to be numerically competitive in many
problems. On the other hand, many of the geomet-
ric properties of mechanical systems in the continuous
case admit an appropriate counterpart in the discrete
setting, which makes it a rich area to be explored.
Both aspects play a key role in explaining the good be-
haviour shown by the integrators in simulating many
different systems.

Mechanico-electrical systems are those in which
a mechanical process and an electromagnetic one are
coupled to each other. Solving a mechanico-electrical
systems is in general a difficult task, since we may
expect the presence of nonlinear terms. These sys-
tems have many applications, and it is relevant, thus,
to build tools that can provide numerical solutions.
Besides, the discrete variational techniques and the
related integration methods appear as an indispens-
able tool in the domain of modern engineering tech-
nology. The purpose of this paper is to extend the
discrete variational principle and the method for first
integrals used in mechanical systems to mechanico-
In the first place, we use a dis-
This
includes defining generalized coordinates and gener-

electrical systems.
crete Lagrangian to define a discrete action.

alized electric quantities. Then, we obtain a discrete
variational principle and the corresponding discrete
Euler-Lagrange equations for the Lagrange-Maxwell
mechanico-electrical systems. And finally, we derive
the method of building first integrals by using in-
finitesimal transformations with respect to the gener-
alized coordinates and the generalized electric quanti-
ties. In future works, we will test the algorithms thus

obtained in some relevant examples.

2. Lagrange—Maxwell equations
for Lagrange-Maxwell mecha-
nico-electrical systems

We present now the standard procedure of deriv-
ing the equations of motion for a mechanico-electrical
system (see for instance Ref.[31]). In a mechanico-
electrical system, mechanical and electromagnetic pro-
cesses are coupled to each other: let us consider a
mechanico-electrical system composed of some parti-
cles for the mechanical part, described by their gener-
alized n-dimensional coordinate-vectors ¢ and ¢ and
by some mutual-interaction potential V'(q), and m re-
turn electric circuits, that constitute the electrody-
namical part, consisting of line conductors and capac-
itors. We assume that there is no connection among
the electric currents of the different return circuits and
that the electromagnetic processes of the return cir-
cuits are not independent. For circuit k, i; denotes
the current, wy the electric potential, ex (ér = i)
the charge in the capacitor, Ry denotes the resistance,
and C} denotes the capacitance. With this, the La-
grangian of the mechanico-electrical system is given
by

L=T(q,q,e,é)—

V(g) + Wi(q,€é) — We(g, €), (1)

where

1 m m
= 5 Z Z Lirigir ; (2)

k=1r=1

QM

are, respectively, the electric and the magnetic field

l\DI»—l

energy of the circuits. In Eq.(2), Cx = Ci(q) is the
capacitance of the kth circuit, Ly, = Lk, (q) (k # r)
is the mutual inductance between the kth and the rth
circuits, and Ly is the self-inductance of the kth re-
turn circuit.

The equations of motion, or Lagrange-Maxwell
equations, for the system are

d 0L 0L OF

At den  Oer e,
iaL_(‘)L oF Q

dt d¢s Ogs 8qs
(k=1,....,m;s=1,...,n). (3)

They conform a set of n+m ordinary differential equa-
tions. The force F' is given by

F = F,(é)+ Fu(q,q), (4)
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where F, is the lead-through electric dissipative func-

tion:
1 & 1 & 5
Fezisziiziszéka (5)
k=1 k=1
and Fy, is the dissipative function of the vis-

Both —9F/0¢s and
—0F /0éy, correspond to dissipative forces, Q7 is the

cous frictional damping force.

s-component of a non-conservative general force Q"
and wuy is the general electromotive force of the kth

circuit.

3. Discrete variational

ple and Euler—Lagrange equa-

princi-

tions for a Lagrange—Maxwell

mechanico-electrical system

Let us consider an (n + m)-dimensional config-
uration space ). The discrete Lagrangian and the
discrete dissipative function for a mechanico-electrical
system are smooth maps:

Ld:QXQHR, Fd:QXQ—>R. (6)

The time step information is contained in Lq which
is a function of the four values (gi—1,9x,e;—1,e;). For

any positive integers N and J, the action sum is the
map Sq : QVT/T2 — R defined by

N J
Sa = ZZLd(Qk—1;Qk7el—1;el); (7)
k=1

=1

where (gx—1,€;—1) € Q and (gi,e;) € Q, for all the
considered values of k,I. The action sum is the dis-
crete analogue of the action integral for a continuous
mechanico-electrical dynamical system.

Let us consider, as an example, a continuous
mechanico-electrical system with a Lagrangian of the
standard form

) . 1. )
L(q,g,e, &) = 5qTMq -V(g)

+ Leto-te + léTLle, (8)
2 2

where M and L, are symmetric positive-definite mass
matrices, C' is the diagonal m x m matrix having
Cy as k,k-element, ¢ = (q1,...,qn) € R", e =
(e1,...,em) € R™, and (q,e) € R"™™ = Q. Dif-
ferent choices for the discrete Lagrangian give rise to
the same discrete Euler-Lagrange equations. Using an
interpolation parameter 0 < o < 1, we have chosen a
symmetrized discrete Lagrangian, Lgq : Q X Q — R,
of the form

h L | e —e_
Ly (qr-1,qk.€1-1,€1) = §L<(1 —a)qr-1 + aqy, Tkt hqk ! ,(1—a)e_1 + aey, e h l 1)
h — qi_ e —e_
+ §L(04%—1+(1 —Q)Qk;%@éel—l—i-(l —a)el,%), (9)

where h € R" is the time step. We also chose a symmetrized discrete dissipative function, Fy : Q x Q — R,

of the form

h
F(qi—k, qr,ei—1,€) = §F((1 — a)qi—1 + oqy,

qr — qr—1 €] — 6l—1)

h ’ h
h dk —4dk—-1 € — €11
—F( 41—, , ) 1
+ 5 F(agr-1+ (1 - a)gx - - (10)
For instance, substituting Eq.(8) in Eq.(9), and simplifying, we obtain the discrete Lagrangian:
hi/ar— qei)\T — g
Li(qe—1,qr, €11, €) = b [(qk th 1) M<qk th 1) V(1 —a)gqr-1 + aqy)
e—1—eNT re_1—e
= Voo + (1= )a) + (=) 1 (F=—)
1
+ 5(6;{16’7161,1 +efCle) +ala—1)(e—e_1)TC 7 e —er1)]. (11)

Keeping in mind that the (continuous) integral variational principle for mechanico-electrical systems is given
by Ref.[32]

6/L(q(t), e(t),q(t),ét)) dt + /(Q” — Z—Z) odgdt + /(u — (?)—Z) odedt =0, (12)
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where o stands for the scalar products, we define the discrete variational principle as
5ZLd Qi1 Gk, €1-1,€1) + Z [ a (@r-1,qk) — or 7(%—1,%761—1,60} ©0qp—1
oq
OF |+
+ Z [Qd qr-1,qk) — 34 (qk—1,qr, €11, 61)} 0 dq
_ OF |~
+ Z [ud (e1—1,€r) — %‘d (%—17%761—1761)} odei
OF |+
+) [u ei-1,e1) = 5| (%—17%,61—1761)} ode =0, (13)
OF |— OF|— OF |t OF |+
where Lq is the discrete Lagrangian, —‘ , —} , —‘ and ——| are the left and right discrete dissipative
Oqla’ 9éla’ dqla’ o0é la
forces respectively, given by
oF |~ oF QL — qQr-1 € — 61
a_q d(qk’—laqk’7el—1;el) |:aq ((1_Oé)qk 1+OéIIka L 1 1)
oF Qk_le 61—611
I age1 + (1 — @)aw, )] 14
T (aqk 1+ (1 —a)g - (14)
OF |+ hoF Qk+1 — k611—61
3 (qr, Grr1,€1,€141) = 5 {a—q ((1 — Q)qi + AGyi1, W - )
oF e —e
+ —.(och +(1-Q)grs, dk+1 — qk l+1 z)} (15)
aq h
oF |~ h1OF qk—qkl el—ell
22 4 (Qk—1,qr,€1-1,€) = 5[8_(( — a)qr-1 + ag, - )
oF U 61—611
% (oagqe1+ 1 - )] 16
+ 5o (g + (1 - a)ge, 2= (16)
or |+ hOF dr+1 — 4k €141 — €
a- 9 ) ) = 35| a- 1- 9 ) )
9e | (qk, gr+1, €1, €141) B {ae (( Q)qk + aqii1 i 3
oF drk+1 — 4k €1+1 — €
7 1- , , )} , 17
+ 55 (OéQk + (1 —a)qrs1 . . (17)
and Q) , ug, g+ and uj are the left and right discrete non-conservative forces:
_ h — Qi — i
QL (gr-1,qK) = 5 [Q"((l — a)qr—1 + agg, w) + Q" (04%4 + (1 — @) g, %) }a (18)
h e —e._ e —e_
uy(e—1,€e) = B {’u,((l —a)e—1 + aey, %) + u(ael_l + (1 - a)ey, %)}, (19)
h _ _
Qi (qr, qr1) = B [Q"((l — a)qk + gy, W) +Q" (Ot% + (1 —a)gr+1, W)}v (20)
h e —e e —e
ul (e e1) = B {u((l —a)e + aeiq, %) + u(ael + (1 —a)et, %)} (21)
The variation of the discrete action is given by
N J
OLa(qr—1,qxk, €1-1,€1) OLa(qr-1,qk, €1-1,€1)
0> La(qr-1,qk.€1-1,€1) = { 00qk—1 + o 5qk}
2 Lal ney) Pt lz:; Oqr—1 dqy,
n g:i: {3Ld(%717%,6171761) Ser 1+ OLa(qr-1,qk, €1-1,€1) 5 }
ode;_ ode
k=1 1=1 Oei—1 o ey l
N—1J—
B \[OLa(Gk-1, Gk, €i-1,€1)  OLa(qr, dis1, €l €1
= Z 8 + 8 o 5Qk
=1 =1 dk dk
N—1J-1
OLa(qr-1, gk, €1-1,€1) 3Ld(Qk,Qk+17€zaez+1)}
6 22
+ Z { 861 T 861 °oet ( )
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since we have to consider the extremal points constant and, thus, 6gy = dgy = 0 and dey = dey = 0.
Substituting all this into Eq.(13), and changing the summation index when necessary, as in Eq.(22), we obtain
the discrete Euler-Lagrange equations, setting to zero the coeflicients of dq; and of de; for k =1,...,N — 1;
l=1,...,J-1
OLa(qk—1,qk,€1-1,e1)  OLa(qk,qr+1, €1, €141 _
(91, 9 : )+ (9, g1, €1, €11) + Q5 (qe-1.qr) + Q1 (ar. qrt1)
aqy dqy
oF *( ) oF +( ) =0
T a. -1 y€1-1,€1) — 7 ’ €1, € =Y,
aqd%l% -1, € aquka+1 1) €141
oL _1.qk,€_1,€ oL , ,e, e _
a(qr—1,9K,€1-1,€1) . a(qk, qrr1, €1, €141) +us(ern, er) + ut(en es)
de; Oey
oF |~ OF |+
~ 36l (qk—1,9qK, €1-1,€1) — e | (qk, gr+1, €1, e141) = 0. (23)

It will be useful to have the equations written in the equivalent form:

DyLa(qk—1,qrs€1—1,€1) + D1La(qr, Qr+1, €1, €141) + Q1 (ar—1,qr) + Q1 (qrs qrt1)
OF |— oF |+

T~ a. -1 y€1-1,€1) — = ’ €1, € :Oa
aqd(% 1,qK, €1—1,€1) aqd(% Qk+1, €, €ei41)

DyLa(Qr—1,qr: €1-1,€1) + DsLa(qr, qui1, €1, €141) +ug (€1-1,€) + ul (e, e141)
OF |~ OF |+

~ el (@r—1,9K,€1-1,€1) — e 4 (gk, Qr+1,€1,€141) =0, (24)

where D; represent the gradient with respect to the jth (vectorial) variable:
OLa(qr—1,qxk, €1-1,€1)
dqy,

OLa(qr, qri1, €1, €i41)
oqy
OL4a(qr—1,qx,ei1—1,€r)

861 ’

OLa(qk, qr+1, €1, €
D3La(qk, qry1,€1,€141) = ( 8;1 +1)- (25)

DyLa(qr—1,qk,€1-1,€;) =

Y

?

DlLd(qka qk+1, €, el-i—l) -

DyLy(qr-1,9k,€1-1,€1) =

4. First integrals for discrete Lagrange—Maxwell mechanico-electrical

systems

For continuous systems, Noether’s theory states that a symmetry of the Lagrangian leads to a conserved
quantity, also called a first integral. We will now present a discrete version of Noether’s theorem and derive a
method to build the corresponding discrete first integral. We use the invariance of the discrete Lagrangian for
discrete Lagrange—Maxwell mechanico-electrical systems.

Let us consider the following infinitesimal transformations for the discrete coordinates and electric quanti-
ties:

g =q+ck(g.e), e =e+en(qge), (26)

where ¢ is a small parameter, and € = (§1,...,&,) and 7 = (91,...,7Nm) are the infinitesimal generators. We
first give a definition as follows:

Definition The discrete Lagrangian Ly, for a system with nonconservative force (Qq and general elec-
tromotive force uq, is generalized difference-invariant under the transformation (26) if there exists a function
v(Qr—1,qk, €i—1,€1), defined for each valueof k=1,...,N —1landl=1,...,J — 1, such that
OF |~ oOF |+

4 I (@r—1,qK, €1-1,€) + = | (qr: qet1. €, e1) — Q (qh—1,qk)

5Lale€x (g, e),emy(q, e)] = 6[ g la
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OF |~ oOF |+
"+
- Q4" (qk, Qk+1)} o&(qr,er) + E[—‘ (qr-1,qr,€1-1,€1) + | (qr, qr+1, €1, €r1)
0é la 0é la
—ug(e_1,e) —ug (e, €z+1)} on(qk, er) +eAv(qr-1,qx, €1-1,€1) (27)

where A is the (forward) difference operator, i.e., Aqr = qx+1 — gk, Ae; = e;+1 — e;, and in general:

0La = DaLq(qr—1,qk,€1—1,€1) 0 0qx + D1La(qr—1,qk, €1—1,€1) © 0qr—1

+ D4La(qi—1,qk, €11, €) o de; + D3La(qr—1,qk, €1—1,€;) 0 dej_1 . (28)

Based on the discrete Lagrange—D’Alembert principle, we can present the following proposition:

Proposition If the discrete Lagrangian is generalized difference invariant under the infinitesimal trans-

formation (26) and the discrete Euler-Lagrange equations (24) hold, then the discrete Lagrange—Maxwell

mechanico-electrical system possesses a conserved quantity, or a first integral given by

D1L4(qr—1,qk,€i—1,€1) 0 &(qx, 1) + D3La(qr—1, qr, €1—1,€1) ©N(qr, €r) + v(qr—1, qr, €1—1, €;) = const. (29)

Proof From Eq.(27), since in this case dg = € and de = en, we have

€Dy La(qr—1,9k, €1—1,€1) 0 &(qr, er) + eD1La(qr—1,9k, €1—1,€1) 0 §(qr—1,€i1—1)

+eDyLa(qr—1,qr,€1-1,€1) oN(qr,e1) +eD3La(qr—1,qr,e1-1,€r) oN(qr—1,€1-1)

)+8F+
—1, ,el—1,€ -
qr—1,49k,€1—-1,€] 9q la

oOF |+

—i—e{a—F‘_( e—1,e)+ —-
¢ |4 qk—-1,49k,€1—-1,€] 9¢ 1

-2l

+eAv(qr—1,qr,€1-1,€1) .

Using the fact that Eq.(28) can also be expressed as

(qrs Qi1 €, €41) — QY (qr—1,ar) — Q4 (qu, Qk-i-l)} o&(qr,er)

(@rs Qrr1s e er1) —ug (ei—1,e)) — ul (e, €z+1)} on(qx,er)

(30)

6La = [DaLa(qr—1,qk,€1-1,€1) + D1La(qr, qrr1, €1, €141)] 0 6qi + A( — D1La(qr—1, qr, €1-1,€1) © 6qk—1)

+ [DaLa(qi—1, k. €1—1, €) + D3La(qk, qit1, €1, €141)] 0 de; + A( — D3La(qr—1,qx, e1—1, €1) 0 deg—1), (31)

and substituting Eq.(24) into Eq.(30), and simplifying the result, we finally have

A[DiLa(qi-1,qk, €1-1,1) © &(qr, €) + D3sLa(qr-1, qk, €1—1,€1) © N(qr, €) + v(qr-1,qr, €1-1,€)] =0, (32)

which implies the result.

5. Numerical example

Figure 1 represents a circuit of an electromotion
sensor to record mechanical vibrations. The circuit is
composed of a coil, a battery and a resistance. We
represent by m the mass of the armature, a denotes
the total rigidity coefficient, L1 = Li(x) represents
the self-induction in the coil, x represents the vertical
displacement from the position of the winding L, we
denote by E the electromotive force of the battery and
R is the value of the resistance.

(43 l 1k ‘
.

% - - e 1}
= = 2
—l I ’
s F o
|

Fig.1.

The mechanical part of the system is described by
the displacement of the armature x, while the electri-
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cal part is described by the electric quantity q. Con-
sidering = and ¢ as our generalized coordinates, the
kinetic plus magnetic energy of the system is

1 1
T= Emjtz + §L1(a:)q'2, (33)

the potential energy is:

1
V= EaﬂcQ — mgyz, (34)
|
h Th — The1\2
La(zp—1, 2k, q—1,q1) = 5771(%)

and the dissipation function is:
1,
F= qu . (35)
With this the Lagrangian for the system is
1 ., 1 P
L= ymd + §L1(x)q - 5az + mgx, (36)

where x, # and ¢ are scalars and the configuration
space (Q is 2-dimensional. The discrete Lagrangian of
the system is

ﬁ Ll((]. — a)xk,l + axk) + Ly (axk,l + (1 — Oc):[,’k) (ql —q_1 )2

2 h
ho[(1- . 2 1+ (1- 2 h
— §a[( o1+ awi]” + oz + (1 = @) + gmg(@e—1 + i), (37)
the discrete dissipation function is given by
-1 qz—qH)2 + 1 (qz+1—qz)2
Fy = 5hE( : . Ef = 5hr(TH : (38)
such that
oF |~ oF |+
—| =hR(@g—aq- —| =-hR - 39
g | (@ —aqi-1), g | (@1 — @), (39)
and since in this case Q” = 0 and u = E, we have
Q41=0, wuq=hE. (40)

Substituting Egs.(37) to Eq.(40) into Egs.(24) and dividing by h to restore the correct dimensionality, we
obtain the discrete Euler-Lagrange equations which correspond to the equations in differences

Tl = 2Tp + Tp—1 aL'l((l —a)rk—1 + ozxk) +(1-a)l} (oz:vk_l +(1- oz)a:k) <(Jl — ql,l)Q
h? 4 h
(- @)Ly ((1 = @)z + azpgr) + oL (az, + (1 — a)zig) (QZ+1 —q )2
4 h

+a[a(1 —Q)Tpy1 + <a2 +(1- a)Q)xk +a(l - a)xk,l} +mgh =0,

1 Li((1 — a)zk + azpg1) + Li(azp + (1 — @) zpt) (QI+1 - ql)
h 2 h

1L ((1— e)wpy +axg) + Li(oxg1 + (1—a)ar) rq— g Q1 — Q-1 B
“h > (F) ot —am =0, ()

where L] represents the derivative of L; with respect to its argument. If the discrete Lagrangian (37) is
generalized difference-invariant under the infinitesimal transformation (26), and Eqs.(41) hold, the discrete
Lagrange—Maxwell mechanico-electrical system has a first integral of the form

[_ I | h (1-— a)L’l((l —a)rk—1 + oz:vk) + al} (axk_l +(1- oz)a:k)

h 2 2

_ 2 N2 A2 B
x(Ql th—l) _ha((l a)? +a?)rg_1 + 2a(l — a)z

r h
2 + §m9}€k
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Li((1 —a)xp—1 +axk) + Li(azp—1 + (1 — o)z —q_
B 1(( )Tk—1 k) v 1( k-1 + ( ) k) q th 1 771+V(a?k,$k_1,ql,ql_1)=CODS'E- (42)

Once Ly (z) is known, we can build the function v(zg, xx—1,q, q—1) for some specific infinitesimal transforma-
tions. For instance, if we choose L1 (z) = const, and the infinitesimal transformations £ =1, n =1, i.e.

*=x+e, ¢=q+e, (43)
we have: v = Rqx—1 + Eh, and the system possesses the first integral

((1 —a)?+ a2)xk,1 +2a(1 — @)z

—m% — ha 5 + hmg — Ll% + Rqi—1 + Eh = const. (44)
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