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1

Invariants, provided they exist and can be computed, are a very useful tool to understand the theoretical
structure of dynamical systems [1-3]. Different methods have been developed to build invariants of

mechanical and physical systems, such as the Ermakov technique [4, 5], the symmetries approach [6-11]
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Abstract

In this work, we build exact dynamical invariants for time-dependent, linear, nonholo-
nomic Hamiltonian systems in two dimensions. Our aim is to obtain an additional insight into
the theoretical understanding of generalized Hamilton canonical equations. In particular, we
investigate systems represented by a quadratic Hamiltonian subject to linear nonholonomic
constraints. We use a Lie algebraic method on the systems to build the invariants. The role

and scope of these invariants is pointed out.

Keywords: invariant, Lie algebraic method, linear nonholonomic Hamiltonian system.

Introduction

10471145) and State Key Laboratory of Scientific and Engineering Computing, Chinese Academy of Sciences and
the Natural Science Foundation of Henan Province Government, China (Grant No.0511022200). S.J. and L.V.
acknowledge partial support from the Ministerio de Educacién y Ciencia (Spain), under grant MTM2005-05573.

*Project Supported by the National Natural Science Foundation of China(Grant No.10672143 and No.

fCorresponding author, Email: sqfujingli@163.com



and the discrete symmetries approach [12-16], the dynamical algebraic method [17-19] and the algebraic
structure and Poisson methods [20-23]. Of all the methods, those making use of the algebraic structure
present the additional advantage of being extended in a straightforward way to the corresponding quantum
mechanical systems [24,25]. In recent year, the use of a Lie algebraic approach to build dynamical
invariants has provided many interesting results [18,19,26-30]. Fu et al. have used the algebraic structure
and Poisson methods to study relativistic Birkhoffian systems.

In this paper we will consider the study of two-dimensional systems described by a time-dependent

Hamiltonian of the form

1 1
H= 5(0411?% + op3) + §(ﬂ1Qf + B203) + B3q1G2 + azpip2 s

subject to linear nonholonomic constraints such as
n
Za6+B,SQS+a€+5(tvq):07 (ﬁzlavgvgzn_g)
s=1
The Hamiltonian has a coupling term for the momenta p; and p,, and the coeflicients «;, 5;,¢ = 1,2,3,5 =

1,2,3 are in general time-dependent. Using specifically the Lie algebraic approach [30], we carry out in

what follows the construction of dynamical invariants in the case when H is time-dependent.

2 Time-dependent invariants for linear nonholonomical systems

2.1 Generalized Poisson condition

Let us consider a system described by n general coordinates ¢s(s = 1,...,n), with its motion subject to

a conservative force and restricted by g ideal linear nonholonomic constraints:

Zae+ﬁ,s(js+as+ﬁ(tv q)zov (B:L"':g;sz’n_g)a (1)
s=1

and the generic force is potential. The equations of motion can be written in the form [33]

doL 9oL
. -5 - ) £ s S = 17 ) ) 2
dt 8Q§ aqs [; BAe+3, (9 TL) ( )
where d3 are the multipliyers of the constraints. Introducing the Hamiltonian and the generalized mo-
menta
S oL
H= ZPSQS =L, ps= 4, (3)
= 9qs
the generalized Hamilton canonicals equations for the system are
. 0H OH <
qs = 8]’3’ Ds = _aqs =+ ;(6ﬁ)as+ﬁﬁs . (4)

In this notation, g is expressed in position-velocity as a function of g, s, ¢, before integrating the
equations (4), while (d3) represents dg expressed in position-momentum as a function of gs, ps,¢. In this

method, one expresses the two-dimensional time-dependent Hamiltonian in the form

H= Z hi(t)T'i(q1, g2, p1,p2) - (5)



The coefficients h;(t) are time-dependent and I'; are the phase-space functions required in order to close

the algebra with respect to the Poisson bracket:
T3,y Z CHTk, (6)

with ij the structure constants of the Lie algebra. In the two-dimensional case, the Poisson bracket is
defined by
0A 0B O0AO0B 0A0OB 0AOJB

A B _—— ——t — — - — 7
[ ] 0q1 Op: Op1 Oq1 0q2 Op2 Op2 0q2 ()

In order to close the algebra, additional functions I'; might be necessary. In that case, they would appear
in (5) with null coefficients h;(t) = 0. Since any invariant I that we seek must also be a member of the

dynamical algebra, it can expressed in the form
I= Z)\ m(q1,q2,P1,D2) s (8)

and the necessary and sufficient condition under which I(gs,ps,t) is a first integral of the linear non-

holonomic system given by (1) and (2) is [33]:

dI 98I g ol
@ = op T D (Bp)acepag - =0. ®)
B=1 Ps

Substituting (5) and (8) in (9), using (6) and simplifying, we obtain at a set of first-order, coupled

differential equations of the form

MeAD D CERi(t)| N+ D =0. (10)
i J

g
It is possible to show that Z(%)aﬁ_g,s can be expressed in terms of the I'; in such a way that, in

p=1
equation (10), the terms Dy, satisfy

q .
ZDka = Z Z 55 Qet 3, B A (11)
k B=1

S

o1
Ops

The set of equations can be solved for the A;, and substituting them in (8) we obtain the required

invariant 1.

2.2 An example

Let us consider a system with the following Lagrangian

L= 3 (1 (00 +a()8d) + as(lpims — 5 (Bu(0)ad + Ba(0)ad) — o(araa, (12)

and constraint equation
fe=q2—bp =0, (13)
where the b is a constant. The generalized force is potential, the equations of motion can be written in

the form [33]: 5 5
d OL L

dt 94, 9q,

= (5ﬂa8+ﬁ,s (S = 1,2) (14)



where dg are the multipliyers of the constraint. Using the Hamiltonian and the generalized momenta for

this Lagrangian

H=psgs— L= L (o1 (t)p? + a2(t)p3) + as(t)pips + % (BL(t)GF + B2(t)5) + B3(t)q1q2,

2
oL
s = 7~ 15
T (1%)
we transform equations (4) into
. _0H OH
qs Ps = +(6[3) a’5+5757 (/8: 1a>g) (16)

Taps T g
where, before integrating the equations (16), dg is expressed by the function of gs,qs,t and (dg) is dg
expressed as a function of g, ps, . Substituting Eqgs.(12), (13) and (15) into (16), leads to

G = ai1(t)pr + az(t)p2, Go = aa(t)p2 + as(t)p1,

p1=—F1(t)g1 — Bs(t)q2, P2 = —PB2(t)q2 — B3(t)q1 + (9). (17)
From Egs. (13) and (17), we obtain (§) as
() = O% [(kay — da)py + (ks — dio)pa + (afs + asBr)qr + (asBs + aafa)ge] - (18)

In order to express H, as given by (15), in the form (7), we make the following identifications for the

phase-space functions I'; and the coefficient h;:

1 1 1 1
r,= 527%7 Iy = 5?37 I3 =pip2, Tu= itﬁy I's = ?]%7 s = q1q2, (19)
hi=ai(t), ha=as(t), hs=ua3(t), ha=p01(t), hs=p02(t), he=0s(1). (20)

In this case, the closure of the dynamical algebra requires four more I';, namely

Ir=piqy, Ts=pig2, Tg=p2ga, T'10=p2q,

with the corresponding null coefficients h; = hg = hg = h19 = 0. The nonvanishing Poisson brackets in

(7), now turn out to be
[[1, L) =-T7, [, Te]=-Ts, [, I7]=-2I't, [I'1, ']=-T73,

[[2, 5] = Ty, [I2,T]=-T1, [[2,Ts]=-T3, [z, 9= -2y,
[[3, Tyl =-T1, [3,T5]=-Ts, [3,06]=-T7-Ty, [3,T7]=-T3,
[T, Ig]=—-2T1, [[3,T9]=-T3, [Is, ] =—-2I"2
[y, T7] =2y, [T4,Ts]=T¢, [I5,T9]=205, [I's,T10]=7Ts,
s, T7] =T, [Is,Tg]=2I5, [[g,T9]=Ts, [Is, o] =204,
[[7, Ts] =Ts, [I'7, Tio] =-Tho,
[[s, I'g] =Ts, [Ts, T10]=T7—-T9, [T9, I'io]=T10. (21)

Substituting these results in (9) and considering the terms for each I';, yields the following set of differ-
ential equations for the Ag:
: 2
A = =209 A7 — 2a3)g + —(kal — dg)/\g (22)
Q2

4



. 2
Ao = —2a9g — 2ai3\10 + ;(kag — dg)/\g
2
. 1 . 1 .
)\3 = —043/\7 — 052)\8 — a3/\9 — al)\lo + —(kal — 053))\2 —+ —(kag — ag)/\g
(D) (&%)
. 2
Ay =201 A7 +283A10 + 07(062@3 + azf) Ao
2
. 2
As = 2338 + 2[2 g + 07(06353 + af32) A9
2
1 1
A6 = P37 + BiAg + [F3Ag + BaAio + 072(@253 + asf) Ao + 072(04353 + a2f2) A0
. 1 1 .
A7 = B1A1 + B3As — a1 Ay — az)e + 072(04253 + a3fi)A3 + OTQ(kOQ — Gi3)A10
. 1 1 .
Ag = B3A1 + BaAz — azds — a1he + ;2(@353 + azfa) s + 072(]?041 —a3)Ag

. 1 1 .
Ag = Bodg + P33 — azdg — a5 + 07(04353 + af2) o + Oj(kas — Gi2)Ag
2 2

. 1 1 .
A10 = 32 + B1A3 — azdy — aodg + OT(CV253 + a3fBi)Ae + ;(ka3 — G2)A1o
2 2

(23)
(24)
(25)
(26)
(27)
(28)
(29)
(30)

(31)

Since to obtain the general solution of these ten coupled differential equations is a difficult task, we resort

to particular solutions of these differential equations and demonstrate the computation of the invariant

in the case of equal mass and equal frequency, namely, a; = as = «, f; = B2 = 3. We also make the

following ansatz:
X1 = /.\2 = —21/1@ )

leading to
A= —2¢4c1, 2= -2¢+cy.

With all this, equations (22)-(26) take the form

1 . 1 .
Oz(/\7 — /\9) —+ 043(/\8 — /\10) = E(ka — 043)/\3 — a(kag — Oé))\27

As + A = 21!)0(3 + CV)\3 + |: (kOé3 s Oé) (ka — ag)i| Ao + [%

(ka — 53) — (l@ag —E)} A3,
A+ X = —ash — 200 + |2 (ko — Ga) — (ks — &) | ho + | (ks — &) — (ko — &) | Aa,
2)\8 = —a ()\7 - )\9) + 20431& + Ol)\3 + |: (k'063 - a) - (kﬂ— 53) - L (kOL3 - OL):| )\2

+ |:Ot3 (kOé - 0[3) (k}ag - a) + L (k:a - Oé3) )\3 s

« Qo

2M10 = ™ ()\7 — )\9) + 20&3’¢ + Oé)\g + |: (kozg — Oé) (ka — 53) + o
3

(ko — a)] A

+ [0;3 (ko — &) — (ko — &) — 0%3 (ko = dg)} A

A= (m + Z—‘;ﬂs) (e = Xo) — 2000 + 2 (2605 + 22 8) ¥ + 20k

#2208+ 2o 5) (s~ 7) 2 ) + o (2 22) (s — )] v

[ 2033 (ks — &) + <%£/33+ gﬁ—ﬂ> (k& —a3) — (%+£) (ka—dg)} A3,

aos  o?

5

(32)

(33)

(39)



A5 = — (2/3-1- 0%5-*- %53) (A7 — Xg) +2 (5353 — Ba —

a

a) P+ (53a — 283a3 — agaﬁg as) A3

2 . _ — E
+ K%ﬁs + 2%5 - 53) (ka — és) — 268 (kas — &) — M (ko — ‘j‘)} A2

(670 %
2
+ [(%ﬂg +2225 ﬁ3> (ks — &) — 26 (ko — és) + a%?) (ka — 5"3)} A3 (40)

where @ = «/ (oz2 — a%), as = af (a2 — a%), a=a/ (a2 — a§)7 Qs = ds/ (oz2 — a%). An inspection of
these results allows us to assume )'\3 = 0 (i.e., A3 = c¢3, a constant) and A7 = Ag for simplicity. This

implies quite a simplification of the remaining A from equations(27)-(31). In particular, one immediately

obtains
A =2[as (205 + 225) - g o
q 2 — — q
+ [(%53 + %5 - 5) (ks — &) — 203 (ko — as) + a%% (253 + %5) ((kas — d))] (=24 + c2)
2
+ [—2@, (ko — &) + <2;ﬂﬁd + %ﬁ - ﬂ) (ka — é3) — (2—5‘?’% + %) (ka — %)} 3, (41)
}\5:2<5353—ﬁ5—§>¢
e
2
+ [(%Bg + 2%/3 — ﬁg) (kia — ag) — 2,8 (kag — 5) — % (kag — Oé):| (—2’(/) + 62)
2 b P J—
(042220 50) (- @)~ 28 (b ) + L2 (k= )| . (42)
leading to

M=o1(t)+ca, As=o02t)+cs, As=03(t)+ce, AM=X=o04, Ag=05, Ao=o0¢, (43)

where
ou(t) = 2/ [ag (2,63 + %ﬂ) - 5&} O di+

1
a3

2
/ {(2%53 + %ﬁ - ﬂ) (kaz — &) — 283 (koo — ds) +

(260 + 226) (s — )] (20 + c)

+/ {7253 (kaiz — &) + (2%‘/33 + Z—éﬂ - ﬁ) (ka — ds) — <% + %) (ka — ag)] csdt, (44)

aag o
oa(t) = 2/ (53@3 - pa— g) b dt+

2
/ [(%ﬂg +2%5 - 53) (ki — s) — 26 (ki — @) — 2 (ko — a)} (=20 + e2) dt

[e7e%:3

r 2
+/ _(%53 + Q%ﬂ - ﬁg) (k)ag — E) —20 (ka —53) + % (k:a — ag)] c3dt, (45)

3

oy = / [(35 n %ﬁg) T — (3ﬂ3 n %ﬁ) a} b dt+

[ 2 2
[ | (w5250 35) o)+ (5ostos 2= 5n) (k@)

1
+?% <042353 + g) (ka — d3):| (=20 + ¢3) ,dt

6



o

2
(%ﬂs - gﬁs + %5) (ko — dus) +

2 3 - 1
o4 = —ai/.) + % [% (ka—a3) — (kag —5)} (—2’(,0 + 02) + % [% (kag —5) — (k)a—ag)} c3, (47)
o5 = 531/.) + % |:C;3 (k‘ag — E) — (ka — 53) — 05%053 (ka3 — Oé):| (*21/) + Cg)
‘f’% |:% (k’a* 53) — (k‘ag — E) =+ aLaS (k'Oé — 043):| Cc3, (48)

og = 531/.) + % [% (kag — E) — (ka — 53) + 04%&3 (ka3 — Oz):| (—21/) + 02)

1 — — 1
+5 {% (ka — é3) — (kaz — &) — aas (ka — ag)] 3, (49)
and ¢;(i = 1,2,---,6) are constants of integration. In this way all ten A; are determined. Furthermore,

we set ¢ = ca = ¢4 = ¢5 = ¢g = 0, and use these results for A; in (8) to obtain the final form of the

invariant I, namely,

1
I=—y(#)(pl +p3) + csprpa + 501 (H)i + 02(1)a5 + 03() 0102 + 04(t) (P11 +P2a2) + 05 (1)p1d2 + 06 (P2t »
(50)
for the system represented by (12) and (13).

3 Conclusions

The present work is a generalization of [19] to linear nonholonomic systems in two dimensions. The exact
dynamical invariants are built directly for this dynamical systems. From the example, it is clear that
the general construction of exact dynamical invariants for nonholonomic dynamical systems using Lie

algebraic method is a difficult task.
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